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Abstract 

 

Increasing viscosity in fermentations is not only an indicator for the product concentration, but also 

implies several challenges for the process management as in practice it is the major parameter which 

determines the hydrodynamic and heat transfer conditions in a bioreactor. Current strategies for online 

viscosity measurements employ the same principles used for off-line measurements in rheometers. 

These measurements are carried out locally, not considering the whole reactor content. Additionally, 

the flow shear rate differs in most of these measuring devices from the actual shear rate inside the 

reactor and some fluctuations in the readings might be interpreted wrongly as changes in the viscosity. 

 

In order to overcome these limitations, in the present work measurements of the over-all heat transfer 

coefficient (𝑈𝐴) in liquid and gas-liquid stirred tank reactors with Xanthan solutions provide the needed 

information to use model equations based on the concept of energy the energy dissipation rate.  

 

Given the appropriate method of offline adjustment and comparison, it was possible to conclude that 

trough accurate online measurements of 𝑈𝐴, the set of used equations allowed to estimate the over-all 

apparent viscosity inside the bioreactor. The online determined values are accurate when the liquid 

flow is turbulent or transitional as long as it remains homogeneous throughout all the vessel; in 

aerated systems, additionally, the condition of flooded impellers must not be found  

 

Key words: Over-all heat transfer coefficient, stirred tank reactor, online determination method, 

Xanthan solutions 
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Resumo 

 

O aumento da viscosidade em processos fermentativos é não só um indicativo da concentração do 

produto, mas também implica diversos desafios para a gestão do processo tendo em conta que, na 

prática, é o parâmetro essencial que determina a hidrodinâmica e as condições de transferência de 

calor num bioreactor. As estratégias actuais para monotorização on-line de viscosidades utilizam os 

mesmos princípios considerados nas medições off-line em reómetros. Estas medições são levadas a 

cabo de forma forma local, não considerando o conteúdo total do reactor. Adicionalmente, a taxa de 

cisalhamento do fluxo de líquido considerada nestas medições difere da taxa de cisalhamento dentro 

do reactor levando a que flutuações nas medições possam ser erroneamente interpretadas como 

mudanças na viscosidade. 

 

De modo a superar estas limitações, no presente trabalho são efectuadas medições do coeficiente 

global de transferência de calor (𝑈𝐴) em tanques agitados com misturas de líquidos e gás-líquido com 

soluções de xantano. Estas medições fornecem a informação necessária para usar equações modelo 

baseadas no conceito de dissipação de energia.  

 

Utilizando um método apropriado de ajustamento e comparação off-line, foi possível concluir que 

através de medições exactas do 𝑈𝐴, o conjunto de equações utilizado permite estimar a viscosidade 

aparente global num bioreactor. Os valores determinados on-line são exactos quando o fluxo de líquido 

é turbulento ou transitório, desde que o fluxo permaneça homogéneo em todo o reactor. Em sistemas 

arejados, adicionalmente, a condição de agitadores inundados não se deve verificar. 

 

Palavras-chave: coeficiente global de transferência de calor, reactor agitado, método de 

determinação on-line, soluções de xantano 
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𝑳 Wall thickness 0.005 m 

𝒌𝒘𝒂𝒍𝒍 Heat conductivity stainless steel 316L 15 d W K-1 m-1 

𝑨 Heat transfer area 0.424 m2 
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1. Introduction and objectives 

 

A variety of thickening agents used for food, cosmetics, paint, and as drilling liquid in the oil industry is 

produced biotechnologically. Most of the fermentation products such as xanthan, alginate, and 

polyglutamic acid are produced extracellularly or are segregated into the fermentation broth, increasing 

the viscosity during the fermentation process. Increasing viscosity not only is an indicator for the product 

concentration, but also implies several challenges for the process management as in practice it is the 

major parameter which determines the hydrodynamic and heat transfer conditions in a bioreactor 

(Nienow 1998): especially mixing becomes more and more difficult, leading to stagnant zones and poor 

oxygen supply, may result in massive foaming, and impairs the removal of heat from the bioreactor. 

Therefore, detailed monitoring of the viscosity inside the bioreactor is of great use for a fast and precise 

process control. 

 

Current strategies for online viscosity measurements basically employ the same principles and model 

equations used for off-line measurements in rheometers. Drag on rotating geometries or stationary 

objects in the flow; absorbed energy by vibrating elements such as spheres, rods and blades are some 

of the commonly used solutions. These measurements are carried out locally, not considering the whole 

reactor content. Additionally, the flow shear rate differs in most of these measuring devices from the 

actual shear rate inside the reactor and some fluctuations in the readings might be interpreted wrongly 

as changes in the viscosity (Barnes 2000). This is especially relevant for non-Newtonian liquids, for 

which the viscosity is dependent on shear rate. In laminar flow though, impeller viscometers are known 

to give accurate over-all measurements (Doran 2013). In processes such as fermentations, however, 

the flow regime usually is turbulent to account for the often necessary oxygen transfer. Consequently, 

the determination of the viscosity from those strategies is impracticable, especially for non-Newtonian 

liquids. 

 

The limitations are associated with the insufficient information about the hydrodynamics and heat 

transfer used in the underlying model equations. As referred, both are dependent on the over-all 

apparent viscosity. Hence, more accurate models for the description of the bioreactor flow conditions 

are required. The concept of the energy dissipation rate (Kawase 1990b) is known  to provide such a 

description, unifying both the heat transfer, as well as the hydrodynamics with the over-all apparent 

viscosity in the bioreactor.  

 

In the present work, measurements of the over-all heat transfer coefficient and the power consumption 

of the stirrer provide the needed information to accurately use models based in the concept of energy 

dissipation rate. As both are measures of the energy dissipation rate in the reactor, their combined use 

provides a precise insight into the vessel flow dynamics. The determination of the over-all heat transfer 

coefficient, above all, seems to be the missing link to more global and accurate measurements as it truly 



15 
 

presents an over-all measurement of the heat transfer in the reactor, and consequently its over-all 

apparent viscosity. 

 

Objective of this work is to develop a method to determine the over-all apparent viscosity inside a 

bioreactor by means of measuring the over-all heat transfer coefficient. A model using thermo- and 

hydrodynamic equations is used for determination of the over-all apparent viscosity. The complete 

model is fitted and tested with offline measurements of the apparent viscosity using xanthan solutions 

as model liquid, with special regard to the shear thinning properties as seen for most biological 

thickening agents. For the offline measurements an additional appropriate viscosity model to 

characterize the rheological properties of xanthan solutions over a wide range of shear rates is used. 

Once the complete model is adapted to the bioreactor in use, the new developed method for online 

viscosity may be tested in the future with real fermentations such xanthan, alginate, and polyglutamic 

acid production.  
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2. Theoretical background 

 

2.1. Rheology 

 

In practice, the major parameter which determines the hydrodynamic and heat transfer conditions in a 

bioreactor is the viscosity of the liquid (Nienow 1998). In order to gain an understanding of bioreactor 

liquid dynamics, it is helpful then to consider certain fundamental concepts of Rheology. In addition, as 

an adequate viscous model is required to both fit and compare the obtained results, special attention 

was given to this section. 

 

2.1.1. Newtonian liquid 

 

A Newtonian liquid is one for which the viscosity does not vary with deformation rate or time. It doesn’t 

show any elastic properties or extensional anomalies also, although varying with pressure and 

temperature. A Newtonian liquid can be considered an idealization, but it will serve, in many cases, as 

a good starting point to explain the behavior of a large number of liquids under normal “everyday” 

conditions. (Barnes 2000)  

 

As introduction, one can consider Figure 1, where a thin layer of liquid contained between two parallel 

planes is sheared under steady state conditions, by application of a force 𝐹. This force will be balanced 

by an equal force and opposite internal frictional force in the liquid. The resulting shear stress, for an 

incompressible Newtonian liquid, equals the product of the shear rate and the viscosity of the liquid 

medium (equation (1)). In this very simple example, the velocity gradient in the direction perpendicular 

to that of the shear force, is considered as the shear rate. 

 

 𝐹

𝐴
= 𝜏 = 𝜂 (−

𝑑𝑉𝑥
𝑑𝑦
) = 𝜂�̇� (1) 

 

 

Figure 1 – Velocity profile in steady unidirectional simple shear flow. From (Chabra and Richardson 2008) 

 

2.1.2. Nonlinear viscoelastic behavior 
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Many materials of practical interest (such as polymer melts, polymer and soap solutions, synovial liquid) 

exhibit nonlinear viscoelastic behavior. “Pure” elastic solid and “pure” viscous liquid (Newtonian liquid) 

behaviors are just extreme parts of the complete range included in nonlinear rheology (Walters 1975). 

These are normally the conditions encountered in the process of polymers gels, highly filled polymers 

in a bioreactor and thus a better understanding of this behavior shall be introduced. The most important 

phenomena of nonlinear viscoelasticity are the existence of nonzero first and second normal stresses 

differences in shearing (discussed on section - Normal stresses), shear thinning (discussed on section 

- Shear thinning) and extensional thickening (discussed briefly on section Extensional ). (Macosko 1994) 

 

Some very complex models based on differential and integral constitutive equations can conjugate many 

of this phenomena together or just some of them. It is not possible thus, for a single nonlinear constitutive 

equation to model all this phenomena, and then one should try to understand the dominant rheological 

characteristic of a material and take this as the basis for the subsequent process calculations. 

 

Shear thinning  

 

For most biological liquids, viscosity is not constant at a given temperature and pressure but is 

dependent on flow conditions such as flow geometry, shear rate, etc. Shear thinning or pseudoplastic 

liquids are called non-Newtonian liquids. If shear thinning is the main phenomenon to be described, 

viscosity models which are extensions of the Newtonian model for flow of “pure” viscous liquids 

(equation (1)) can be used.  

 

In general it is possible to build a flow curve of apparent viscosity vs shear rate such as the presented 

in Figure 2. This can done through the use of cone-plate rheometer, for example, (see chapter 2.2). 

From the interpretation of Figure 2 it is clear the existence of plateaus, in low-enough shear rates or 

shear stresses, where the viscosity is constant. But at some point it begins to decrease, and usually 

enters a straight-line region on a logarithmic plot, which indicates power-law behavior. In the region of 

high shear rates of the flow curve it is possible to see the beginnings of a flattening out, and if data at a 

high-enough shear rate or shear stress is available, a second constant viscosity region is achieved. 

These constant viscosities regions constitute the zero viscosity (𝜂0) and the infinite viscosity (𝜂∞), 

respectively.  
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Figure 2 – Flow curve for shear-thinning liquid, indicating the existence of the zero-shear viscosity and 

infinite viscosity. Different types of rheometers can be used to ascertain different parts of the flow curve 

as shall be discussed later).  (Chabra and Richardson 2008).  

 

Many mathematical expressions of varying complexity and form based on extensions of the Newtonian 

liquid constitutive equation have been proposed in the literature to model pseudoplastic properties. 

Some have a more empirical character while others are based in some theoretical basis in kinetic 

theories of the liquid state or the theory of rate processes. The following examples are some examples 

of just some of the simpler forms of equations which fit the complete or just specific part of the flow curve 

(Barnes 2000). 

 

The power law. The most widely used form of the general viscous constitutive relation is the power law 

model: 

 

 𝜂𝑎𝑝𝑝 = 𝑚(�̇�)𝑛−1 (2) 

 

For 𝑛 < 1, the liquid exhibits shear-thinning properties. For 𝑛 = 1, the liquid shows Newtonian behavior. 

For 𝑛 > 1, the liquid shows shear-thickening behavior.  

 

This law alone is sufficient to describe many non-Newtonian flows, and for engineering calculations 

power-law predictions are quite reasonable if limited to the medium range. But, as can be understood 

by the line of the power-law model in Figure 2, one of the obvious disadvantages of the power law is 

that it fails to describe both the low and high shear rate region.  

𝜂0 

𝜂∞ 
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Cross Model. When significant deviations from the power-law model exist at very high and very low 

shear rates, it is convenient to use a model which takes into account the limit values of the zero shear 

viscosity and infinite viscosity, as explained before. Cross (Cross 1964) found out that the viscosity of 

many suspensions could be described by the equation of the form: 

 

 𝜂𝑎𝑝𝑝 = 𝜂∞ +
𝜂0 − 𝜂∞

1 + (𝐾�̇�)1−𝑛
  (3) 

 

This equation was based on the assumption that pseudoplastic flow is associated with the formation 

and rupture of structural linkages. At intermediate values of shear rate �̇� ((𝐾�̇�)1−𝑛 ≫ 1), the Cross model 

has a power law region: 

 

 (𝜂 − 𝜂∞) ≅ (𝜂0 − 𝜂∞)𝑚�̇�
𝑛−1  (4) 

 

where: 𝑚 = 𝐾1−𝑛 

 

Carreau Model. It is another four parameter model that gives very similar results as the Cross Model. 

It is based in molecular network considerations and the model equation is given by: 

 

 𝜂𝑎𝑝𝑝 = 𝜂∞ +
𝜂0 − 𝜂∞

(1 + (𝜆�̇�)2)
1−𝑛
2

 (5) 

 

Carreau-Yasuda Model. Yasuda proposed the introduction of a fifth parameter (𝑎) to the Carreau 

model, to better model the transition zone between the zero-shear viscosity plateau and the Newtonian 

region: 

 

 𝜂𝑎𝑝𝑝 = 𝜂∞ +
𝜂0 − 𝜂∞

(1 + (𝜆�̇�)𝑎)
1−𝑛
𝑎

 (6) 

 

The more free parameters to adjust to the experimental results, better the fitting, in principle. It was 

already verified though, that the introduction of a fifth parameter in the Carreau-Yasuda model, as 

compared to the Cross model does not bring a significant measurable improvement in the adjustment 

of data to shear-thinning liquids with a large range of viscosities. (Escudier et al. 2001). 

 

Yield-stress liquids 

 

There is a group of very shear-thinning liquids that appear to have a yield stress (𝜏0), also called plastic 

or viscoplastic liquids. These materials are considered to show little elastic deformation or none up to 

the yield stress. Above this stress the material would flow readily, either linear or nonlinearly. In order to 

understand the concept of yield stress, it is convenient to have some insight into the macromolecular 

structure of, for example, polymers, which are of interest for the topic of this thesis and along particulate 
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suspensions, emulsions, foodstuffs, blood, drilling muds, etc. seem to show this kind of behavior. 

(Barnes 2000) 

 

It is known that polymers consist of long molecules that entangle with each other, forming several 

flexible, reversible “joints”. These enable different conformations of the molecules by rotating along the 

backbone when sheared and induce the elastic behavior of polymer solutions (Macosko 1994). The 

decrease of viscosity as a function of the shear rate in shear-thinning liquids occurs due to orientation 

and disentanglement of the entangled macromolecules when a certain critical shear rate (change from 

the zero-shear viscosity to shear thinning behavior) is exceeded (Aho 2011).  

 

For polymers, below a critical molecular weight (𝑀𝑐), the zero-shear viscosity is almost directly 

proportional to the average molecular weight: 

 

 𝜂0 = 𝐾𝑐𝑀𝑤,    for    𝑀𝑤 < 𝑀𝑤,𝑐 (7) 

 

being 𝐾𝑐 is a specific constant and 𝑀𝑤 the average molecular weight. 

 

However above this value of molecular weight, the proportionality dramatically increases and the relation 

becomes: 

 

 𝜂0 = 𝐾𝑐𝑀𝑤
4.5,    for    𝑀 > 𝑀𝑐 (8) 

 

where 4,5 is variable exponent dependent on molecular characteristics of the polymer.  

 

𝑀𝑐 has been regarded as an indication for the formation of effective entanglement couples. 

Entanglements arise from segment-segment contacts between molecules and the number of 

intermolecular contacts per unit volume is proportional do the concentration. So in the end, the zero-

shear viscosity will be proportional to the product of the concentration and the molecular weight. 

(Macosko 1994)  

 

 𝜂0 ≈ [𝑐]𝑀𝑤 (9) 
 

where [𝑐] is the concentration. 

 

The effects on the zero-shear viscosity (and over-all viscosity) coming from increasing concentrations 

of polymers can be seen in Figure 3. 
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Figure 3 – The flow curve for polystyrene in toluene, 𝑴𝒘=20M, for different concentrations of polymer 

(shown as wt. %). (Barnes 2000) 

 

The zero-shear viscosity has a high value because the elastic forces already mentioned are stronger 

and the polymer will show an enhanced viscoplastic behavior, which will require in turn a higher value 

of shear stress to achieve the complete disentanglement of the polymer chains. This does  not mean 

though that while this process is occurring, the polymer is not flowing, but rather doing it with a very high 

zero-shear viscosity. Depending on the value of the zero-shear viscosity and the critical shear rate for a 

certain polymer, it can become harder still for common rheology instruments with limited shear rate 

ranges to show the existence of a plateau of almost constant viscosity. (Barnes 2000) 

 

For increasing concentrations and increasinsg molecular weights the critical shear rate is reduced and 

the zero-shear viscosity in enhanced. So, as an example, if the range of shear rate of a certain rheometer 

was to start at 10-1 s-1, it is possible to see that the plateau of zero-shear viscosity for higher 

concentrations of polymer would not be possible to ascertain. This is also the reason why different 

rheometers, with different optimal working ranges (see section 2.2), have to be used in order to be 

sensible to the existence of the constant viscosity plateaus (see Figure 2). 

 

In the end, the concept of yield stress can be seen as a convenient engineering reality, dependent on 

the nature of the problem under consideration. A viscoplastic liquid is in fact a “very” shear-thinning 

viscous, even solid like, material at low stresses. Over a narrow stress range, which can often be 

modelled as a single yield stress (see equation (13)), its viscosity drops dramatically. Above this yield 

stress the liquid will flow like a relatively low viscosity, even Newtonian, liquid. (Chabra and Richardson 

2008) Figure 4 shows this phenomena.  
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Figure 4 – Flow curve of Mayonnaise. (Barnes 2000). 

 

Then, it is possible to understand that the same model equations used to model shear-thinning liquids 

are also applied to the so called viscoplastic liquids. In fact (Barnes 2000) noted that, when 𝜂0 ≫ 𝜂∞ and 

𝐾�̇� >>1, the Cross Model simplifies to the Sisko equation: 

 

 𝜂𝑎𝑝𝑝 = 𝜂∞ +
𝜂0

(𝐾�̇�)1−𝑛
  (10) 

 

Then, if one multiplies both sides of equation (10) by the shear rate (�̇�), considers the relation presented 

by the equation (1), and take into account that, for the most shear-thinning liquids: 1 − 𝑛 ≅ 1,  the 

Bingham liquid model equation is obtained: 

 

 𝜏 = 𝜂∞�̇� +
𝜂0
𝐾
  (11) 

 

 𝜏 = 𝜏0
𝐵 + 𝜂∞�̇� (12) 

 

for:  𝜏 > 𝜏0
𝐵, where the plastic viscosity 𝜂𝐵 is now given by 𝜂∞ 

 

The so called Bingham yield stress (𝜏0
𝐵), can be given by: 

 

 𝜏0
𝐵  =

𝜂0
𝐾

 (13) 

 

As noted by the simplifications employed to achieve equation (10) and (11), the viscoplastic behavior 

can be seen as a limit behavior of the shear-thinning phenomena. Or, relating to the introduction of this 

section, an approximation of the behavior of a liquid to an elastic solid, in a certain range of experimental 

conditions.  

 

Normal stresses 
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Normal stresses observed in steady shearing flows can be used both to have an idea of the level of 

viscoelasticity and its effects in a certain application. For example, for the stresses developed by 

shearing of a liquid in the example considered in Figure 5.  

 

Figure 5 – Components of stress in one-dimensional steady shearing motion of a viscoelastic liquid. 𝑽𝒊 

represents velocity components in each different direction. (Chabra and Richardson 2008) 

 

As it is considered a steady shear flow, there is only movement in the direction of the 𝑥 axis (𝑉𝑦 = 𝑉𝑧 =

0), which will be only a function of the position in the 𝑦 axis (𝑉𝑥 = 𝑉𝑥(𝑦)). In addition to the shear stress 

𝜏𝑥𝑥 there are normal stresses: 𝑃𝑥𝑥, 𝑃𝑦𝑦, 𝑃𝑧𝑧; which are composed of two parameters, the hydrostatic 

pressure and a contribution due to flow. Since it is not of interest to consider the influence of pressure 

in the viscosity of incompressible liquids, the following differences are used: 

 

 𝑃𝑥𝑥 − 𝑃𝑦𝑦 = 𝑁1 (14) 

 

 𝑃𝑦𝑦 − 𝑃𝑧𝑧 = 𝑁2 (15) 

 

 

Besides eliminating the contribution from hydrostatic pressure, they are more readily measured then the 

individual stresses. As the normal stress differences of viscoelastic liquids are non-zero (Macosko 

1994), a representation of this differences as functions of the shear rate (�̇�𝑦𝑥) is useful to describe the 

rheological behavior of a viscoelastic material. If 𝑁1 = 0, than the liquid is considered purely viscous, or 

Newtonian (relating to equation (1)).  If 𝑁1 increases with the shear rate the liquid may be considered 

as shear thinning. Moreover, observing changes in normal stress differences during the step-strain 

measurements by cone-plate geometry in rheometers or in the loading of a sample can give an 

indication about the validity of the measurements produced when measuring viscosities, as shall be 

discussed in section 2.2. 

 

Extensional thickening 

 

Two types of flow are commonly studied for non-Newtonian liquids: simple shear and simple elongation 

(extensional flow). Shear flow takes place in various industrial processes, and laboratory circumstances 
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(Barnes 2000). For simple shear in uniform flow, each liquid element on the same stream line undergoes 

exactly the same deformation and the distance between them remains unchanged. Figure 1 is an 

example of this type of flow. Besides this type of flow, a material can also experience extensional (or 

elongation) flow. The simplest case is the following: 

 

 

Figure 6 – Uniaxial extension. (Aho 2011) 

 

For the case of the uniaxial extension the extension of the material in one direction leads to the 

compression on the other as it is considered that the volume of the material is kept unchanged. Shear 

flow is by definition a mixture of both stretching and rotation, while uniaxial extension doesn’t account 

for any rotation (Macosko 1994). For Newtonian’s liquids, the elongation viscosity is three times the 

shear viscosity. However for non-Newtonian liquids, especially high viscoelastic ones, the ratio can be 

two orders of magnitude or more than this. They usually also show an increase with shear rate, hence 

the phenomena of extensional thickening. Although certainly present in the dynamic flows of bioreactors, 

especially with high viscoelastic ones liquids (Nienow 1998), as shearing is the dominant type 

deformation type, and consequently flow, more information in this type of flow shall not be introduced. 

 

 

2.2. Rheometry 

 

The rheological characterization of non-Newtonian liquids can be complex. Considering all that has been 

said about non-Newtonian liquids and, more generally, about nonlinear viscoelastic liquids, there is a 

large range of dynamics that the certain liquid can manifest. In concentrated suspensions and solutions 

of polymers, nonlinear dispersive, dissipative and time dependent mechanical properties can complicate 

the measurements which may be further complicated by the existence, in certain ranges of behaviors 

similar to solids, like some very shear-thinning liquids. There is further the problem of great differences 

in the densities of suspensions, foams and emulsions. (Barnes 2000) 

 

Devices for shear rheology measurements can be roughly divided into drag-flow and pressure-flow 

based. Several types of devices for both shear and extensional flow exist, but only the cone and plate 

rheometer shall be introduced with more detail and its possible sources of errors in measurements as it 

was the only type used in the present work. 

 

2.2.1. Rotational rheometers 
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There are two main types of rotational rheometers, the controlled stress rheometers and the controlled 

strain instruments. Attention shall be given to controlled strain instruments. In these, the rate is set and 

the resulting torque recorded. Usually only a very small sample amount is needed and the 

measurements can run, for example in step-strain mode (shear rate profile from low to high shear rates 

or vice versa). (Chabra and Richardson 2008) 

  

Cone and plate rheometer 

 

In cone-plate geometry, the test sample is contained between an upper rotating cone and a stationary 

flat plate, as shown in Figure 7. 

 

Figure 7 – Cone and plate geometry. Ω is the angular velocity, 𝚯𝟎 the gap angle and 𝐅𝐳 the total thrust. 

Adapted from (Aho 2011). 

 

As the cone spins the solution in contact with it with an angular velocity (Ω), a drag flow is produced 

which is torsional by definition, due to the kinematic of the system. It is very important for the validity of 

the measurements of this type of rheometers, that the flow induced by the cone is uniform laminar steady 

flow across all the sample, meaning that the shear rate is constant throughout the shearing gap. This is 

ensured by the small cone angle, which has to be less than (Θ0 < 6o), giving usually a quite 

homogeneous shear field. It is also necessary for the flow to be isothermal, which is assured by a 

regulated temperature of the plate, and that there are negligible body forces, meaning that the sample 

must be in a steady state before the actual readings from the drag start. Readings of the normal force 

can be used to be sure of this last point. (Macosko 1994) 

 

Mainly, if this conditions are met, then the expression for the shear stress is given by: 

 

 
𝜏 =

3𝑀

2𝜋𝑅3
 (16) 

 

where 𝑀 is the torque given by the rotating cone and 𝑅 the radius of the radius of the plate, as 

represented in Figure 7. 

 

𝐹𝑧 
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Normal stress differences may be determined from pressure and thrust readings (𝐹𝑧) on the plate 

according to the following equation: 

 

 
𝑁1 =

2𝐹𝑧
𝜋𝑅2

 (17) 

 

Although the small cone angle and gap size are one of the mains advantages of a cone-plate rheometer 

they are also the origin of some sources of errors in the readings as it can lead to eccentricities and 

misalignments, for example. These are more pronounced when the liquid is highly viscous or/and shows 

viscoelastic properties. The viscoelastic properties of the samples will also cause errors due to flow 

instabilities, such as edge fractures (breakage of the sample layer between the plates) and inertia, as 

the plates will be pushed together due to the existence of normal stresses. A visualization of this latter 

effect can be seen in Figure 8. (Aho 2011) 

 

Figure 8 – Inertial secondary flow patterns in cone-and-plate geometries. (Barnes 2000) 

 

The small gap size, dictated by the small angle also limits the utilization of this devices to systems with 

small particles or aggregates. The possible viscosities measurements of suspensions or samples from 

fermentations with high concentrations of biomass or viscous product will then probably have a physical 

limit determined by the small gape size. More problems can be pointed out: A suspension of cells, for 

example, can be effectively centrifuged in the viscometer, so that a region with lower cell density is 

formed near the rotating surface; Cells can be destroyed during measurement and can even flocculate 

or deflocculate when the shear is applied. (Chabra and Richardson 2008) 

 

In the end, the cone-plate geometry is suitable for normal stress measurements, for low and moderately 

high viscous samples, but not the best device for very high viscosity measurements which, for the case 

of polymers, for example, are normally associated with elastic behavior. Low viscosities measurements 

are also limited due to secondary flows and possible loss of sample at the edges which would mean 

that a non-homogeneous shear rate in the sample (Macosko 1994). For the range of viscosities where 

the cone-plate rheometer is not suited, other type of rheometers should be used (see Figure 2). 

 

2.2.2. Online viscometry 
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First, it is important to define what the definition of online viscometry is. Viscometry measurements 

generally have to do with applying either a force 𝐹 or a velocity 𝑣 at a surface in contact with a contained 

test liquid. The response of this liquid to either the velocity or the force is measured at that surface. 

Bearing this in mind, one may point out that the readings of the viscosity in reactors, for example, through 

the use of a conventional viscometer, will be local unless all the liquid which the rheological properties 

are to be known flows through or around the process viscometer. Even in this case, a perfect global 

measurement cannot be achieved. This type of measurement is normally called in-line, while online 

actually means that only part of the liquid is taken and passed through the viscometer. At the moment, 

online viscometers use basically the same kinds of measurements made on off-line instruments (just 

some are presented): (Barnes 2000) 

 -Drag on rotating geometries or stationary objects in the flow. 

 -Absorbed energy by vibrating elements (presented in Figure 9), spheres, rods and blades. 

 -Speed of falling/pulled objects. 

 

Figure 9 – Shear viscometer based on the measurement of the energy dissipation through vibrations. © 

Hydramotion 

 

In order to have a representative sample, liquid must either be taken from a fast-flowing part of the 

process stream or the instrument be placed directly in the stream, as can be seen in Figure 10. Either 

option means that the flow rate has to be altered from its actual value in the reactor. Besides this, it is 

also necessary, in most cases, to refresh continuously the vicinity of the measuring element with fresh 

liquid, which requires a minimum flow of the liquid. This means that the viscosity readings might be 

affected by this altered flow, depending on the time response of the viscometer, and some fluctuations 

in the readings might be interpreted wrongly as changes in the viscosity.  

 

If it seems to be a problem to the measurements of Newtonian liquids, they practically make the 

measurements of non-Newtonian liquids not possible. Regarding all the properties that were already 

presented of this type of liquids, it is now clear that the global apparent viscosity of non-Newtonian 

liquids depends in the type of flow (shear or extension viscosity) and its speed. Having this in mind and 

referring to what was said to be necessary for the online viscometers to work in a representative range, 

which involves alteration of the actual flow of the liquid in the reactor, the online “viscosity” can vary 
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enormously for a non-Newtonian liquid depending on the type of measurement and its position. With 

viscoelastic liquids these methods are even more invalid.  

 

Figure 10 - Example of local measurements performed in a reactor, in bypasses or conducts.  

© Hydramotion 

 

If considerable information on the exact flow conditions inside the reactor is known, especially including 

the zone where the measurement is being done, it is possible to obtain accurate measurements of the 

viscosity inside the reactor. If liquids are being mixed in the laminar zone and are not very non-

Newtonian this might be possible (see section 2.3.2). However this is not normally the case, as the most 

important processes which have interest to monitor, as for example the production of any polymer 

through fermentation, will be done in turbulent conditions, where the flow is complex and will produce 

very viscous and sometimes viscoelastic materials (see section 2.3.1). 

 

Current challenges 

 

As pointed out by many of the previous observations (Barnes 2000), it is virtually impossible for the 

introduced - online Rheometry - to measure accurately the viscosity of non-Newtonian liquids. This 

results from the fact that, in general, the measurement devices are too dependent on local flow 

conditions, where the measurement is being done. As viscosity of non-Newtonian liquids is dependent 

on the flow conditions, they will affect the accuracy and reliability of the values determined. For 

Newtonian liquids the flow conditions in a stirred reactor can be more close to ideal and information on 

the flow condition may be easily obtained (see section 2.3.1).  

 

Taking this into consideration, a new way of measuring non-Newtonian liquid properties in stirred tanks 

is necessary. One possible way to achieve this might be measuring or calculate the global energy 

dissipation rate (instead of local ones) in the reactor and try to predict the global flow conditions from it. 

In this case, the flow conditions arising from the bulk of the reactor will not affect the measured values 

of a certain device, which are dependent on the local flows induced by them (even if small), because all 

the bulk flow in the reactor (in principle) will be taken into account. Although this doesn’t mean that 

determination of the flow conditions can still be easily understood and determined, it can facilitate it, 
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minimizing the errors associated with having a local measurement like the ones referred until now. In 

the next two sections, - Hydrodynamics of stirred vessels - and - Heat transfer in stirred reactors -, is 

given insight of how it is possible to relate those topics with viscosity and in the end of each one how to 

model them accordingly to the concept of energy dissipation. 

 

2.3. Hydrodynamics of stirred vessels 

 

In most bioreactors the bulk flow is kept turbulent as it provides good mixing conditions and high oxygen 

transfer. In addition to the air from the sparger being broken up; the need to provide good bulk mixing 

to promote mass transfer from air bubbles to broth and from broth to microorganisms; the elimination of 

dead zones which could become anaerobic and also good heat transfer between jackets/coils, are some 

of  advantages of operating in turbulent conditions. Rheology plays a vital role in determining the flow 

behavior of a certain bioreactor system. Quantitative relationships between the bulk liquid flow of the 

bioreactor with its global apparent viscosity are then of interest. (Harnby, Edwards 1997) 

  

2.3.1. Agitation and flow patterns in unaerated stirred vessels 

 

The basic liquid dynamic parameters will be first introduced to the case of an unaerated vessel, as the 

main concepts of hydrodynamics also apply to the aerated ones and the understanding of 

hydrodynamics in this simple case is necessary for a better understanding of the more complex case of 

aerated systems. 

 

There are several different types of homogenization devices or stirrers that produce different type of 

flows in a tank. Some of them are presented in Figure 11.  

 

Figure 11 – Various impellers. a) radial flow. Also known as “Rusthon” turbine which produces considerable 

turbulence near the impeller; b) propeller impeller that generates a generally axial flow c) “pitched blade” impeller 
that generates also a generally axial flow; d) & e) anchor that produces strong swirl with poor vertical exchange d) 
a helical screw that travels close to the wall of the tank to force good over-all circulation. (Doran 2013) 

a) b) c) 

d) e) f) 
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Axial flow impellers are used to improve mixing conditions as they have a greater pumping capacity, 

which leads to the elimination of possible dead zones in the reactor. On the other hand, they have poor 

air mixing characteristics. The schematic comparison of an axial and raidal flow in a baffled tank is 

provided in Figure 12. 

 

Figure 12 – Radial turbines on the left, promoting mainly a radial flow. Axial impellers on the right, 
promoting mainly axial flows. (Doran 2013) 

 

The helical screw and anchor impeller are more used for the process of non-Newtonian liquids as they 

produce a laminar slow homogenization (Doran 2013). In some cases, different agitators can be used 

in combination with each other in order to combine their flow characteristics (Harnby, Edwards 1997). 

The Rushton turbines, until recently, were used in most industrial-scale bioreactors, because, besides 

providing general good mixing conditions they could effectively serve as gas dispersers for aerated 

systems (section 2.3.3) (Nienow 1998). The homogenization of the bulk flow is facilitated by the 

presence of baffles, (see Figure 12) which enable the onset of a turbulent regime with lower impeller 

rotating velocities or better to impair the onset of a vortex in which no homogenization takes place. 

Different bottom clearances, and the number of stirrers on a shaft, amongst others, also have impact on 

the liquid flow in a stirred tank. The closer a stirrer is located to the vessel bottom, the more restricted 

the flow in that region will be (Hudcova 1989), which can be perceived in Figure 13: 

 

Figure 13 – Qualitative effect of bottom clearance and of impeller diameter for turbines. (Chabra and 
Richardson 2008). 
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The effects in the bulk flow when more than one stirrer is mounted on the shaft depend mainly on their 

distance to each other. If the distance is not considerable, the flow patterns produced by the agitators 

will converge having a similar pattern as if only one impeller with twice the blade height. If they are 

separated with enough distance (around one vessel diameter (Hudcova 1989)) the flow patterns will 

not converge and a better mixing of the bulk flow can be achieved . A schematically representation is 

shown in  

Figure 14. 

 

 

Figure 14 – The effect of impeller spacing with Rushton turbines on flow patterns. When the impeller are 

practically touching each other (a), the flow patterns produced are similar to those produced by a single large 
impeller. As the distance increases from (a) to (c) the flow patterns start do be diverge from each other. In figure (c) 
the patterns are completely separated. (Hudcova 1989) 

 

It is also possible to classify the type of flows in a stirred tank as shearing flows and elongation flows, 

which are normally both present in the mixing process. Both are ultimately associated with the resistance 

to deformation of the liquid, which depends on its rheological properties (section 2.1). Shearing flows 

are more associated with laminar flow and high viscosity liquids and they are schematically represented 

in Figure 1.  Elongation flows on its turn, occur particularly in the flow off the agitator blades and are 

ideally represented in Figure 6, or in the context of a stirred tank, in Figure 15. These flows give rise to 

elongation viscosities (see 2.1.2). 

 

a b c 
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Figure 15 – Schematic representation of the thinning of liquid elements due to simple extensional flow. 
(Chabra and Richardson 2008) 

  

Flow patterns with non-Newtonian liquids 

 

Non-Newtonian liquids, especially viscoelastic ones can have a series of typical manifestations in the 

flow dynamic of a stirred vessel. The fundamental reasons of these manifestations were already 

mentioned in section 2.1, and are mainly related with: 

 

 -High normal forces may arise in this liquids (see chapter 2.1), which can lead to flow reversal 

and liquid climbing up the shaft, the well-known Weissenberg effect (Barnes 2000; Macosko 1994). This 

effect can be substantially reduced though by the introduction of baffles in the reactor (Nienow 1998). 

This Weissenberg phenomena can be perceived in Figure 16. 

 

 -Existence of a typical relaxation time associated with the liquid resulting in a different behavior 

depending on the velocity of the application of the shear (Macosko 1994). 

 

 -The difference in the shear viscosity and the elongation viscosity, because, as already 

mentioned, these viscosities can be several orders of magnitude greater than the shear viscosities for 

non-Newtonian liquids, especially viscoelastic ones, and even increase with the shear (see section 2.1). 

  

The flow of viscoelastic liquids will then tend to be even more radial, when Rushton turbines are used, 

for example, eliminating the axial contribution and there is a tendency for the movement to be 

constrained to the impeller region. In very viscous, highly shear thinning liquids, this can even lead to 

the formation of caverns. In these regions there is still great liquid mixing intensity and motion, but 

outside this region, the liquid is mainly stagnant in dead zones, as shown schematically in Figure 16. 

(Nienow 1998) 
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Figure 16 – Left: Shape of the mixing cavity in a shear thinning suspension. Right: The effect of 
viscoelasticity in a simple turbine mixer configuration, associated with the existence of a positive first 
normal-stress difference. (Chabra and Richardson 2008) and (Barnes 2000) 

   

2.3.2. Design parameters 

 

In order to model some of the phenomena described in the previous section, which relates do the design 

and scale-up of bioreactors, it is common practice in industrial and bench scale to use conventional 

design theories which comprise engineering approximations and empiricism. These are expressed in 

terms of dimensionless ratios of geometric dimensions and of forces occurring in the vessel liquid. The 

Reynolds and Power number are among the commonly used ones and shall be briefly introduced. Most 

of the early work done on the study of design and scale-up parameters of bioreactors is based on the 

use of empirical curve-fitting analyses based on some of these dimensionless numbers. (Kawase 1990a) 

 

Reynolds number 

 

Conceptually, the Reynolds number presents the ratio of inertial forces to viscous forces in the liquid. 

The motion of a particle of liquid in a stream is always affected by two counteracting forces. On one 

hand, the inertia of the particle, which is related to its mass and velocity, on the other hand, there are 

the viscous forces that tend to damp changes in motion. As the transition from laminar to turbulent flow 

depends on both of these parameters, the velocity of the liquid, and its viscosity (apart from density and 

the geometry of the flow system), the Reynolds number is a common dimensionless parameter used to 

characterize the flow system (Doran 2013). For stirred vessels the definition of this number is presented 

in equation (18): 

 

 
𝑅𝑒𝑖 =

𝑁𝐷𝑖
2𝜌

𝜂
 (18) 
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where 𝑅𝑒𝑖 is the impeller Reynolds number, 𝑁 the stirrer speed, 𝐷𝑖 is the impeller diameter, 𝜌 the liquid 

density and 𝜂 the liquid viscosity. 

 

Flow in stirred tanks may be laminar or turbulent as a function of the impeller Reynolds number. The 

value of 𝑅𝑒𝑖 marking the transition depends on the geometry of the impeller and tank. But generally, the 

flow is turbulent if 𝑅𝑒𝑖 > 2 × 104 and laminar if 𝑅𝑒𝑖 < 10 (Nienow 1998). The region in between these 

values is considered to be the transitional region where flow changes between laminar and turbulent. 

The flow patterns produced by turbulent flow are schematically represented in Figure 12. The greater 

the viscosity of the liquid the more the flow of the system will tend towards the transitional regime and 

subsequently the laminar one. 

 

Power number – Reynolds number relationship 

 

Although some useful information can be obtained from the analysis of the Reynolds number itself, more 

can be obtained when its variation is related with the power number. The power number (𝑃𝑜) is a number 

equivalent to the friction factor for pipes or a drag coefficient for particles which can be expressed as 

follows: 

 

 
𝑃𝑜 =

𝑃

𝜌𝑁3𝐷𝑖
5 (19) 

 

𝑃 is the power drawn by the agitator, which can be given by: 

 

 𝑃 = 2𝜋𝑀𝑁 (20) 
 

𝑀 is the torque given by the impeller. 

 

Some typical 𝑃𝑜 vs 𝑅𝑒 curves for Newtonian liquids with low viscosities are given in Figure 17, for 

different turbine impellers. It is important to note that in fully turbulent regime, approximately for > 2 ×

104 , 𝑃𝑜 seem to be constant for all impellers. Also, for < 10 , the Power number seems to change 

linearly with the Reynolds, in an inverse proportion. This is the laminar flow region. One of the possible 

use of this type of representation is the determination of the vessel liquid viscosity, at least in certain 

ranges, as discussed below. 
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Figure 17 – Power number-Reynolds number correlation in Newtonian liquids for various turbine impeller 
designs and a baffled tank. W stands for width of blade and D for the impeller diameter. (Chabra and 
Richardson 2008) 

 

The slope in the laminar region is constant and thus the following relation can be established: 

 

 𝑃𝑜𝑅𝑒 = 𝑘1 (21) 
 

The value of 𝑘1 is the slope of the curve in the laminar region and is dependent solely on the geometry 

of the impeller. This experimental result can be easily obtained in a semi-empirical way if one applies 

an analogy to viscometer theory (section 2.2) assuming that the liquid motion in the vicinity of the 

impeller can be characterized by relating the shear rate to the impeller speed as follows (Kawase and 

Kumagai 1991): 

 

 �̇�𝑐 = 𝑘1𝑁 (22) 
 

where �̇�𝑐 is the shear rate in the vicinity of the impeller. 

 

If the flow in the bioreactor is perfectly laminar, then the flow conditions in the bulk of the vessel should 

be similar to the ones in the vicinity of the impeller and �̇�𝑐 can be assumed to be approximately equal to 

an global shear rate �̇�. An expression of the average shear stress in the bioreactor can also be obtained, 

for example for a turbine impeller, in a similar fashion to the case of cone-plate rheometer (equation 

(16)): 
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𝜏 =

2𝜋𝑀𝑘1

64𝐷𝑖
3  (23) 

 

Knowing the average shear stress and shear rate in the bioreactor, it is possible to infer some of the 

rheological properties of the liquid through these assumptions and the determination of the shear 

viscosity may follow. As a simple example, if one is to consider the range of shears of a pseudoplastic 

liquid where the power law is valid, it is possible to get: 

 

 𝜂𝑎𝑝𝑝 = 𝑚�̇�
𝑛−1 = 𝑚(𝑘1𝑁)

𝑛−1 (24) 

 

Because the average shear rate �̇� is proportional to the impeller speed and in the 𝑃𝑜 vs 𝑅𝑒 plot, an 

impeller Reynolds number is used, as indicated in equation (18), this type of representation gives a good 

indication about the flow conditions on the bioreactor. The relation presented on equation (21) can be 

obtained by combining equation (23) and (1) into equation (19). It is important to note that the way the 

average shear stress varies with the torque depends on each impeller configuration and so it must be 

studied experimentally beforehand. (Doran 2013) 

 

Between laminar and turbulent flow lies the transition region (~10 < 𝑅𝑒 < ~2 × 104). In this regime the 

viscous and inertial forces are of comparable magnitudes. Although some attempts to use equation (22) 

to the transitional regime have been made by some authors (Aubin et al. 2000; Chabra and Richardson 

2008; Skelland 1967), it is readily understood that the simple dependence of geometric factors on 

constant 𝑘 is not enough to model the complexity of this flow regime as it is both affect by the impeller-

vessel geometry and the rheology of the liquid, especially in the case of viscoelastic liquids. Some 

authors tried to account for both factors in a semi-empirical way, but no simple mathematical relation 

was obtained and the many conflicting conclusions were obtained, as the complexity of the phenomena 

involved is considerable (Chabra and Richardson 2008; Nienow 1998). 

 

Another approach would be to read, at a given value of 𝑃𝑜, the value of the 𝑅𝑒 off the appropriate power 

curve (only valid for a specific geometry and type of impeller and a specific liquid with its rheology well 

characterized) and then back calculate the viscosity from it. The value of 𝑃𝑜 could be determined through 

equation (20), being the torque of the agitator measured. Unfortunately, although it is probable that the 

manufacturers of impellers have accurate 𝑃𝑜 vs 𝑅𝑒 plots for a range of Reynolds numbers and 

rheological parameters, they are not generally available in the open literature. (Harnby, Edwards 1997) 

 

For determining the viscosity of the bulk liquid, neither of this option seems to be valid though for purely 

turbulent flows, as the value of 𝑃𝑜 seems to be constant, independently of the Reynolds number, for a 

certain impeller type. But this assumption does not hold completely as it is known that 𝑃𝑜 in the turbulent 

region is a weak function of the geometry of both the vessel and the impeller, for example, the material 

thickness. The influence in solely the type of impeller can be seen in Figure 17. But unless very accurate 

information about the complete geometry of the system being study are known, it is hard to know exactly 

what the value of 𝑃𝑜 is in the turbulent regime. If all the conditions required for a certain constant to be 
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valid are not met, the working regime might be transitional rather than fully turbulent, for example. 

(Nienow 1998) 

 

Industrial bioreactors usually do not operate in the laminar region because broth does not become 

viscous enough. Turbulent regimes are preferred as they provides good mixing conditions and high 

oxygen transfer (introduction of section 2.3). However, many broths are sufficiently viscous to give 

transitional Reynolds numbers, a purely turbulent flow is rarely obtained in the bulk volume of the vessel. 

As referred in section 2.2, these uncertainties lead to the conclusion that, unless the flow regime in the 

bioreactor is purely laminar, no simple and generally accurate equation for the determination of the 

shear rate �̇� can be obtained based on the assumptions made to get equation (22). This is due to the 

fact that the liquid dynamics are strongly affected by both complex rheological behavior and geometrical 

factors. (Chabra and Richardson 2008; Doran 2013) 

 

Estimation of stagnant zones 

 

Several authors tried to determine the basic shape of the cavern structures associated with the mixing 

of shear-thinning liquids presented in section 2.3.1. As the main interest of study for modeling the cavern 

shape is the flow in the impeller vicinity, using simple design parameters and power drawn by the 

impeller provides a satisfactory approximation. Some of the suggested structures are presented in 

Figure 18: 

 

 

Figure 18 – Some of the existing cavern models: a) Spherical; b) Cylinder; c)Torus and d) Elliptical torus 

 

By assuming that the cavern boundary can be defined as the surface where the local shear stress equals 

the liquid yield stress (𝜏0) (see section 2.1), (Solomon and Elson 1981) proposed a spherical model 

((a) - Figure 18) based on the following equation: 

 

 
(
𝐷𝐶
𝐷
)
3

= 4(
𝜌𝐷2

𝜋3𝜏0
) (𝑃0𝑁

2) (25) 

 

𝐷𝐶 denotes the cavern diameter 

 

After this model, (Elson 1990) proposed that the cavern shape should resemble more a right circular 

cylinder centered on the impeller ((b) - Figure 18) and used this expression: 

a b c d 
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(
𝐷𝐶
𝐷
)
3

=
1

𝜋2 (
𝐻𝑐
𝐷𝑐
+
1
3
)
𝑃0 (

𝜌𝐷2𝑁2

𝜏0
) (26) 

 

𝐻𝑐

𝐷𝑐
 is the ratio of the cavern height to its diameter and it allows for some variability in the cavern shape, 

depending mainly on the type of impeller. 

  

(Amanullah 1998) made a theoretical improvement to the previous models by considering not only the 

tangential force component (mainly due to radial flow), but also the axial component. The resulting form 

of the cavern is presented in Figure 18 – c). And the modeling equation holds: 

 

 

(
𝐷𝐶
𝐷
)
2

=
1

𝜋2
√𝑁𝑎

2 + (
4𝑃0
3𝜋
)
2

(
𝜌𝐷2𝑁2

𝜏0
) (27) 

 

𝑁𝑎 is the dimensionless axial force number, directly dependent on the axial force value. 

 

Another proposed model to predict the cavern shape was given by (Wilkens et al. 2005), which didn’t 

consider the axial force ((d) - Figure 18): 

 

 
𝐷𝐶 = (

32𝑀

𝜋2𝛼𝜏0
)
1/3

; 𝐻𝐶 =
𝛽𝐷𝐶

2
 (28) 

 

𝛽 is the ratio of the major axis to the minor axis of each torus lobe and 𝛼 is a function of 𝛽. Both these 

values are dependent on the type of impeller. 

 

As presented in section 2.3.1, the flow patterns are affected by a varied number of factors and so the 

presented mathematical models which are developed through the idealization of the mixing caverns as 

fixed shapes like the ones presented in Figure 18 will only be applicable to certain geometrical 

arrangements of both the vessel and the stirrer (or set of stirrers) and also of the liquid rheology. If one 

impeller is used, for example, the shape of the cavity will depend on its Reynolds number (𝑅𝑒𝑖) and 

bottom clearance. If more impellers are used, the spacing of the impellers will also affect the shape of 

the formed caverns. (Arratia et al. 2006; Xiao et al. 2014). 

 

2.3.3. Agitation and flow patterns in aerated stirred tanks 

 

The basic liquid dynamic parameters introduced in the previous sections also apply, in general, to 

aerated vessels. Still, some specific characteristics of the flow in this type of vessels are now introduced 

as they are very important for a better understanding of some phenomena like flooding of the impeller 

or bubble dispersion.  
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Typical gas flow patterns generated by a Rushton turbine are shown in Figure 19. At high gassing rates 

or low stirring rates, the impeller is blanketed by gas, indicating impeller flooding. Under these 

conditions, as shown in Figure 19 (a), the flow pattern is dominated by buoyant gas-liquid flow up the 

middle vessel. For increasing stirrer speeds or lower gas flow rates, the impeller is said to be loaded. In 

this condition gas is captured behind the impeller blades and dispersed towards the vessel walls (Figure 

19 (b)). For very high stirring rates and/or reduced gas flow rates, complete gas dispersion is achieved 

(Figure 19 (c)). (Doran 2013) 

 

Figure 19 – The flooding-loading-complete dispersion transitions for a Rushton turbine: (a) flooded; (b) 
loaded; (c) completely dispersed. 𝑵𝑭 indicates the stirring rate correspondent to the transition from 

flooding to loading conditions. 𝑵𝑪𝑫 indicates the transition from the loading to complete dispersion 

conditions. 𝑸𝒈 represents the gas flow rate. Adapted from (Doran 2013)  

 

For low viscosity liquids, the presented flow patterns are well defined. For high viscosity liquids though, 

particularly shear thinning liquids (possibly showing a yield stress), the flow patterns are in general more 

complex. Even when gas dispersion is perceived, giving rise to the formation of small bubbles circulating 

(and even recirculating) throughout the vessel, large bubbles, some as large as the impeller, are formed 

and burst through the top surface (Nienow 1998). A distinctively near bimodal bubble size distribution 

can then be found, merging different characteristics of the pattern flows presented in Figure 19 (Khare 

and Niranjan 1995). On one side, bulk liquid mixing is increased due to the presence of small bubbles 

that follow the liquid flow patterns, on the other, a few number of very large bubbles with a high proportion 

in volume circulates in plug flow, not directly contributing to the bulk liquid mixing.  

 

The case of multiple impellers reactor systems can further complicate the understanding of the liquid 

flow dynamic. In these cases, the role of the lowest impeller is very important. Provided a specific 

impeller spacing (around one vessel diameter (Hudcova 1989)), this impeller behaves on its own and 

acts as a gas distributor even when it is flooded, so the upper impellers receive less air through it and 

flood less easily.  

 

𝑁𝐹 
𝑁𝐶𝐷 
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Impeller power consumption 

 

The power drawn by a particular size and type of agitator at a given stirring rate depends primarly on 

that rate, secondarily on the aeration and gas circulation rate which controls the cavity structure, and 

tertiary on the bulk flow pattern. All this factors are moreover affected by the liquid rheology.  

 

For a constant stirring rate, an increasing gas flow rate leads to an increase of the cavities sizes which 

leads to a reduced power consumption, which is evident in Figure 20: 

 

 

Figure 20 – Change in cavity structure for a Rushton turbine. 𝑵𝒊 represents impeller stirring rate and 𝑸𝒈 the 

gas flow. Adapted from (Doran 2013).  

 

The effectiveness of the gas dispersion is controlled by the size and structure of the presented cavities. 

The formation of larger cavities (Figure 20 (d)) is associated with the transition from a system with 

considerable bubble dispersion to one where the impeller is flooded (Figure 19 (b) to (a)). On the other 

hand, the existence of vortex cavities (Figure 20 (a)) indicates good dispersion of bubbles. The 

recirculation gas also contributes for the total amount of gas entering the cavities and is dependent on 

the bubble size and hence upon the coalescence properties of the dispersion. So for low viscosity liquids 

where the gas cavity size is related with the main bulk flow patterns in the vessel, measurements of the 

power consumption by the impeller provide valuable insight into the liquid hydrodynamics. 

 

For liquids showing high viscosity properties, shear thinning or/and viscoelastic behavior, and/or 

development of an apparent yield stress, the stability of the large cavities is increased. This leads to the 

cavity size being independent of the aeration rate, which, in its turn, conducts to the power drawn by the 

impeller being also independent of the aeration rate. The aerated power number will be low as the 

cavities are large and it is perceived the coalescence of bigger bubbles that end up bursting through the 

top liquid surface. This behavior is characteristic of a flooded system. At this point, the gas-liquid system 

behaves as a partial bubble column (Mohan, Emery, and Al-Hassan 1992; Stein 1986) and so flow 

patterns of circulating bubbles will emerge (Kawase 1990a). As mentioned before, many small bubbles 

are entrapped in the liquid due to its high shear thinning properties. If these bubbles are completely 

(a) 

Vortex cavities 

(b) 

Clinging cavities 

(c) 

‘3-3’ structures 

(d) 

Ragged cavities 
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stagnant they will not contribute to increase the bulk mixing conditions, but as increasing aeration rates 

increase the characteristic flow patterns of a bubble column, they can circulate and recirculating many 

times and contribute to increase the degree of mixing of the bulk liquid (Kawase 1990a). On decreasing 

aeration rates, cavities can remain trapped behind the blades and small bubbles in the bulk liquid, 

especially for liquids which develop a yield stress and/or has viscoelastic properties (Nienow 1998). So 

for high viscosity liquids, measurements of the impeller power consumption only do not provide a 

sufficiently accurate insight into flow patterns that are mainly determined by the circulation of bubbles 

(Stein 1986).  

 

As refereed in the beginning of this section, power consumption in an aerated stirred bioreactor is 

influenced by many aspects related both with the reactor system and the liquid rheology. If a model is 

to be used it should take into account at least several of the most relevant aspects affecting aerated 

power consumption (𝑃𝑔). Some model equations are available to estimate the aerated power 

consumption in the literature (Michel and Miller 1962; Van’t Riet and Smith 1975). (Smith 1987) for 

example combined gas cavity formation and gas recirculation concepts with empiricism and used 

different equations to model the ratio 𝑃𝑔/𝑃 (aerated over unaerated power consumption) for different 

regimes of gas cavity sizes. This model though requires previous information on which gas cavity size 

a certain flow gas number induced. If previous data has not been published on this relation for the 

specific liquid and reactor system to study its use is limited. (Stein 1986) tried to estimate the 

characteristic shear gradient for aerated stirred tank reactors with non-Newtonian liquids, taking into 

account the above mentioned existence of a plug flow region where the liquid dynamics could be 

interpreted as similar to a bubble column zone. Among other approximations, he stated that the power 

input per volume (
𝑃

𝑉
) to the system could be combined as: 

 

 𝑃

𝑉
=
𝑃𝑚𝑒𝑐ℎ
𝑉𝐿

+ 𝑢𝐺𝑂𝜌𝑔 (29) 

 

where 𝑃𝑚𝑒𝑐ℎ  is mechanical power input given by equation (20); 𝑢𝐺𝑂 is the gas superficial velocity; 𝜌 is 

the liquid density and 𝑔 the gravity acceleration.  

 

The term defined by 𝑢𝐺𝑂𝜌𝑔, which is the energy input in bubble columns, would somehow account for 

the increasing mixing effect produced by the bubbles. Nevertheless, despite the theoretical approach, 

the final correlation obtained seems to be an empirical one (Kawase and Kumagai 1991). 

 

It is possible to conclude that with low viscosity liquids, measurements of the aerated power number 

provided some insight into the liquid dynamic, as presented in the previous sections. Analysis using 

estimated aerated power consumptions may not be so successful though, as this estimation is not easy 

to accomplish due to the high degree of complexity involved in the dynamic liquid flow. With high 

viscosity liquids, apart from this difficulty, there is further the problem that even an accurate estimation 
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or measurement of 𝑃𝐺  would be limited regarding the insight into the real dynamic liquid flow as it only 

accounts for a small portion of the bubbles that may recirculate in the vessel. 

 

 

2.3.4. Specific energy dissipation rate 

 

As referred in the introduction of section 2.3.2, most of the early work done on the study of design and 

scale-up parameters of bioreactors is based on the use of empirical curve-fitting analyses based on 

dimensionless numbers. In practice, conventional design theories which comprise engineering 

approximations and empiricism are dominant. Some of them seem to give meaningful answers but 

others are indistinct and questionable. As presented in the previous section 2.3.2, in some cases the 

project designer has only a narrow range of cases where the conventional design theories apply. More 

global and coherent theories are required in order to predict design parameters. 

 

The concept of energy dissipation rate is a useful coherent theory used to develop mathematical models 

for design parameters in bioreactors and has provided successful design correlations (Bourne 1981; 

Kawase and Kumagai 1991; Kawase 1990a; Kumar 2010; Metz, Kossen, and Suijdam 1979; Radež, 

Hudcova, and Koloini 1991; Sánchez Pérez et al. 2006). It leads to a unified treatment of heat and 

momentum transfer in a number of flow conditions and the hydrodynamics in a bioreactor can be 

accounted by a single parameter, the energy dissipation rate (휀). The global shear rate in the bioreactor 

can be given by: 

 

 
�̇� = (

휀 𝜌

𝜂
)
1/2

 (30) 

 

As mentioned in section 2.3.2, in laminar flows �̇� may be only a function of the impeller type and velocity, 

but that is not the case for transitional and turbulent flows, where the viscosity plays an important role 

(Kawase and Kumagai 1991). The direct dependence of the viscosity on equation (30) accounts for this 

contribution and so processes which are particularly dependent on turbulence and their associated 

forces are likely to be well correlated by energy dissipation rate and viscosity. Heat transfer and gas-

liquid mass transfer fall generally into this category (Nienow 1998). In order to estimate the value of the 

energy dissipation rate it is now important to understand what are the sources of energy or the power 

input to the system and how it is dissipated in the vessel liquid. The radial impeller is used as an 

example. 

 

Operation of the Rushton turbine is characterized by the formation of two high speed roll and trailing 

vortices in the liquid behind the horizontal edges of each flat blade (Figure 21):  
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Figure 21 – Flow around a Rushton turbine blade showing trailing vortices. Adapted from (Van’t Riet and 
Smith 1975) 

 

Most of the mixing in the liquid takes place near the trailing vortices presented in Figure 21 and they 

constitute the most important flow mechanism for turbulence generation. Increased velocity gradients 

are associated with these structures, but as the vortices move out from the blades they lose their 

identities and break down, thus providing a major source of energy to the liquid. The formation of the 

trailing vortices is associated with the distribution of energy dissipation in stirred tanks which also 

account for much of the radial discharge stream generated by Rushton turbines. (Doran 2013) One 

possible way to ascertain this is by looking at the distribution of the energy dissipation rate ε in Figure 

22: 

 

Figure 22 – Distribution of the rate of dissipation of energy in the vertical (left) and horizontal (right) plane 
of liquid in a tank stirred by a Rushton turbine. (Doran 2013)  

 

With this figure it is easily perceived that the highest values of 휀 occur in the outwardly flowing liquid jet 

leaving the impeller blades. Since eventually all of the power which goes from the shaft to the agitator 

into the liquid is dissipated as heat through the liquid volume, the average energy dissipation rate 휀̃ is 

defined with respect to the power input to the system, which for non-aerated systems is the power drawn 

by the impeller (𝑃) as (Nienow 1998): 

 

 
휀̃ =

𝑃

𝜌𝑉
 (31) 

 

This value is usually used as an approximation as some authors. (Cutter 1966; Patterson and Doorn 

1989) determined that approximately 48% of the total energy was dissipated in the impeller swept 



44 
 

volume and discharge stream. The value of the dissipation energy in the impeller swept volume was 70 

휀̃. On the other hand, still around 30% of the energy was being dissipated in other regions than the ones 

near the impeller. For this reason, when the impeller Reynolds number (equation (18)) is used, even it 

is very high, indicating that the flow regime is fully turbulent, it may not hold true for all the regions of the 

vessel (Doran 2013). It was also found by analyzing the spectra of energy dissipation rate throughout 

the vessel it can be approximated given by an exponential decay in the dissipation range (away from 

the impeller) (Rice 2011). Figure 23 shows the comparison of energy dissipation rates on the center line 

of the impeller stream with the average for the whole tank.  

 

Figure 23 – Comparison of energy dissipation rates on the center line of the impeller stream with the 
average for the whole tank. (Nienow 1998) & (Cutter 1966) 

 

Then, to obtain a better approximation value of the shear rate on the reactor, it doesn’t seem rational 

then to discard the energy that is being dissipated in the regions outside the impeller region. So an 

average value 휀�̃� does not appear to be rational (Kawase and Kumagai 1991). In view of the significant 

inhomogeneity existing in a stirred tank which results in the lack of exact information on the variation of 

the energy dissipation rate for a specific tank, it may be more reasonable to use a characteristic energy 

dissipation rate that considers some statistical distribution of the energy dissipation rates instead of the 

average energy dissipation rate given by equation (31) (Kawase 1990a). This shall be done in 

accordance with the trend of decay of energy dissipation. So the concept of characteristic energy 

dissipation rate, using equation (31), holds: 

 

 
휀 = 𝐶 ∙ 휀̃ = 𝐶 ∙

𝑃

𝜌𝑉
 (32) 

 

Now to estimate the average shear rate in the reactor, by combining equations (31) and (32), it is 

possible to get: 

 

휀/휀̃ 

Vessel radius 
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�̇� = (

휀 𝜌

𝜂
)
1/2

= (
𝐶 ∙ 휀̃ ∙  𝜌

𝜂
)
1/2

= (
𝐶 ∙ 𝑃

𝜂 ∙ 𝑉
)
1/2

 (33) 

 

Considering equation (33), some authors suggested semi-empirical expressions for the value of 𝐶. 

(Sreenivasan 1995) proposed that 𝐶 could be determined through equation (34): 

 

 𝐶 = 𝐶0𝑒
(𝛼∙𝑆) (34) 

 

Where 𝑆 and 𝐶0 are constants. 𝛼 is a shear parameter. This expression assumes an exponential decay 

of the energy dissipation rate and it considers that different shear conditions may influence the value of 

𝐶. 

 

(Henzler 2007) proposed a similar expression: 

 

 𝐶 = 𝐿2 = (𝐵𝑒(𝛼∙𝑛))2 (35) 

 

where 𝐵 is a constant that depends on the liquid, 𝛼 is a constant and 𝑛 is the flow index of the power 

law (see equation (2)) or of the Cross model (see equation (3)). 

 

Although the exact motivations for the determination of this expression are unknown, its form is similar 

to the expression proposed by (Sreenivasan 1995). The use of an exponential decay dependent on the 

shear conditions of the liquid, accounted by the flow index, is in accordance to the general concepts 

introduced before. (Henzler 2007) suggested the use of expression (35) should be valid when uniform 

mixing conditions on the vessel are verified, as is the case of turbulent flow. 

 

(Kawase and Kumagai 1991) also showed that the use of the specific energy dissipation concept it is 

even possible to model the laminar flow regime. By considering an equation similar to (33) with a proper 

constant and using the power law model to determine the viscosity in the reactor, (Kawase and Kumagai 

1991) obtained: 

 

 
�̇� = 𝐶1

2/𝑛 (
휀̃𝜌

𝐾3
)
1/(𝑛+1)

 (36) 

 

He further considered the power consumption of the well-known case of a non-aerated stirred tank 

reactor equipped with flat six-blade turbine impellers with four baffles in the laminar range may be given 

by (using equation (23)): 

 

 𝑃

𝜌𝑁3𝐷𝑖
5 =

64

𝑅𝑒
 (37) 

  

Substitution of 𝑃 from equation (37) into equation (31), and considering a standard geometry for the 

reactor (𝐻𝑒𝑖𝑔ℎ𝑡 = 3𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟) holds: 
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휀̃ =

𝑃

𝜌𝑉
= 3.02 𝑁2 (

𝜂

𝜌
) (38) 

 

Finally, substitution of equation (38) into (36) gives, with a given value of 2,5 for 𝐶1: 

 

 �̇� = 6,25(3.02 𝑁2)1/2 = 10.9 𝑁 (39) 

 

This result is very similar to the one held in equation (22), giving a value for the constant 𝑘 very similar 

to the one found in the literature for this specific case (Metzner and Otto 1957). So it is possible to model 

different flow types with a single conceptual theory, the specific energy dissipation rate. 

 

Aerated stirred vessels 

 

As mentioned in section 2.3.3, the flow inside aerated stirred tank reactors is very complex. The stirring, 

aeration and gas recirculation rate which controls the cavity structure and the bulk flow pattern (which 

are also affected by the reactor geometry) are known to affect the performance of this type of reactors.  

 

In the beginning of this section, it was stated that processes which are particularly dependent on 

turbulence and their associated forces are well correlated by energy dissipation rate and viscosity. For 

low viscosity systems where gas is well dispersed, liquid flow is homogeneous turbulent and the pattern 

flows are similar to the non-aerated system (Figure 19 (c)). In these cases, it is reasonable to use any 

of the presented models in the previous section. For the definition of the average energy dissipation 

rate, the power input can still be given by the power drawn by the impeller, because as referred in section 

2.3.3, this is a sensible parameter for the verified hydrodynamics of the liquid.  

 

On the other hand, for air-liquid systems where an impeller is operating near the range of a flooded 

stirrer, as the case of very viscous shear thinning liquids, which are strongly dependent on the 

anisotropic and non-homogeneous main flows are not well correlated with the concept of specific energy 

dissipation rate. Both the definition of an adequate form for the specific constant 𝐶 and an average 

energy dissipation rate are very difficult. (Kawase 1990a; Nienow 1998) 

 

Still, (Kudrewizki and Rabe 1986) proposed a model to study the influence of aeration on power 

consumption in stirred tank reactors. It is based on a theoretical expression for gas hold-up derived from 

the concept of energy dissipation rate in turbulent conditions. The model is dependent on the used 

impeller, accurate information on the turbulent non-aerated stirred power number and the gas hold-up 

of different regions near the impeller. Apart from the complexity of the calculations, all used parameters 

are dependent on some empirical data and constants that are not readily available for all reactor systems 

and type of liquid used. (Kawase 1990a) 
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2.4. Heat transfer in stirred reactors 

 

 

At least two applications of heat transfer are common in bioreactor operation. In situ batch sterilization 

of liquid medium and temperature control during fermenter operation. In the cultivation of many 

microorganisms, the temperature deviation by a couple of degrees can diminish dramatically the growth 

and biosynthesis productivity. Because the metabolic activity of cells generates a substantial amount of 

heat, this heat must be removed to avoid temperature increases. Tight control of the temperature is then 

normally required. The equipment used for heat exchange in bioreactors can take several forms as an 

external/internal coil or an external jacket through which steam or cooling water is circulated. (Doran 

2013; “VDI Heat Atlas” 1937) 

 

The rate at which heat is transferred between the bulk liquid and the cooling water (�̇�) depends directly 

on two variables: temperature difference between the bulk of the hot and cold liquids (Δ𝑇𝑟,𝑗) and the 

over-all heat transfer coefficient (𝑈𝐴), which includes the surface area available for heat exchange (𝐴): 

 

 �̇� = 𝑈𝐴Δ𝑇𝑟,𝑗 (40) 

 

Figure 24 shows a simplified representation of the heat transfer process between liquids in a jacketed 

vessel across different resistances to heat transfer. When a liquid contacts a solid, a liquid boundary 

layer (hydrodynamic boundary layer) develops at the surface as a result of viscous drag. In this layer, 

velocity varies from zero at the surface to a finite value associated with the bulk flow. In a similar fashion, 

if the surface and flow temperatures differ, there will be a region of the liquid called the thermal boundary 

layer. Therefore, the hot and cold liquids represented in Figure 24 consist of a well-mixed core that 

accounts for the bulk of the liquid, and a sublayer or film near the wall where the velocity is relatively 

low. In the homogeneous part of the liquid, heat is transferred quickly so that any temperature gradients 

in the bulk liquid can be neglected. The film of liquid at the wall is called the thermal boundary layer, 

where most of the resistance to heat transfer to or from the film is contained. The broken lines indicate 

approximately the distance from the wall at which the temperature reaches the bulk temperature, either 

the vessel or jacket side. (Doran 2013; Incropera 2011) 
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Figure 24 – Magnified detail of the heat transfer between liquids that are separated by the vessel 
wall, with depicted boundary layers (dashed lines), temperature gradients (green lines) and heat 
transfer resistances. In the provided example, the hot liquid is the vessel bulk liquid. 

 

Then, equation (40) can be written in terms of a sum of all the individual resistances to heat transfer: 

 

 
𝑈𝐴 =

1

𝑅𝑣
+

1

𝑅𝑤𝑎𝑙𝑙
+
1

𝑅𝑗
 (41) 

 

where 𝑅𝑇 is the total resistance to heat transfer, 𝑅𝑣 and 𝑅𝑗 are the resistances due to the vessel side 

and jacket side boundary layers and 𝑅𝑤 the resistance due to the vessel wall. 

 

Considering the case of steady-state conduction it is possible to obtain an expression for the heat 

transfer resistance due to conduction in the vessel wall (Incropera 2011): 

 

 
𝑅𝑤𝑎𝑙𝑙 =

𝐿

𝑘𝑤𝑎𝑙𝑙𝐴
 (42) 

 

where 𝑘𝑤𝑎𝑙𝑙 is the thermal conductivity of the wall; 𝐴 is the surface area perpendicular to the direction of 

heat flow and 𝐿 is the thickness of the wall. 

  

The rate of convective heat transfer through each thermal boundary layer is given by the Newton’s law 

of cooling (Incropera 2011): 

 

 �̇� = ℎ𝑖𝐴Δ𝑇𝑐𝑜𝑛𝑣,𝑖 (43) 

 

ℎ𝑖 is the heat transfer coefficient for the jacket (𝑗) and vessel side (𝑣); Δ𝑇𝑐𝑜𝑛𝑣 is the temperature difference 

of the bulk liquid and the adjacent wall surface.  
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The effect of film thickness is included in the value of ℎ𝑖 (Doran 2013). The heat transfer coefficient is 

an empirical parameter incorporating the effects of system geometry, flow conditions, and liquid 

properties, such as viscosity and thermal conductivity. It is also possible to represent equation (43) in 

the form of the offered resistance to heat transfer: 

 

 
�̇� = ℎ𝑖𝐴Δ𝑇𝑐𝑜𝑛𝑣,𝑖 =

Δ𝑇𝑐𝑜𝑛𝑣,𝑖
1
ℎ𝑖𝐴

=
Δ𝑇𝑐𝑜𝑛𝑣,𝑖
𝑅𝑖

 
(44) 

 

where 𝑖 may refer to the jacket (𝑗) or the vessel side (𝑣). 

 

Combining equations (41),(42),(44) it is possible to get a direct relationship between 𝑈𝐴 and the heat 

transfer coefficients of both thermal boundary layers: 

 

 
𝑈𝐴 =

1

ℎ𝑣𝐴
+

𝐿

𝑘𝑤𝑎𝑙𝑙𝐴
+

1

ℎ𝑗𝐴
 (45) 

 

As mentioned, the value of the heat transfer coefficient ℎ𝑣 in the vessel side is dependent on liquid 

properties such as viscosity and thermal conductivity. Then, by measuring the over-all heat transfer 

coefficient 𝑈𝐴 and if accurate models for determining both heat transfer coefficients with accessible 

experimental data exist alongside with parameters for determining the heat transfer resistance in the 

wall, calculation of the bulk liquid viscosity in the vessel is possible in concept.  

 

With this aim, in the next section model equations for determining the heat transfer coefficients of the 

vessel and jacket side are presented. 

 

2.4.1. Heat transfer coefficients 

 

The thickness of the thermal boundary layers presented in Figure 24 is connected with the hydrodynamic 

boundary layer and liquid properties such as viscosity and thermal conductivity. As the hydrodynamic 

boundary layer is dependent on the velocity profile of the bulk liquid, its thickness will be influenced by 

the flow patterns in the vessel. In laminar flow, the boundary layer thickness is large, as the velocity 

profile only attains a constant value at larger distances from the vessel wall. Heat transfer through 

random molecular motion (diffusion) is increased in this case. In fully turbulent conditions, on the other 

hand, the boundary thickness is small as mixing is increased and heat is transferred mainly through bulk 

motion of the liquid. (Chabra and Richardson 2008; Doran 2013; Incropera 2011) 

 

The heat transfer coefficient ℎ accounts for this effects and usually its correlation with experimental 

results is determined indirectly through the determination of the Nusselt number with semi-empirical 
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correlations. The Nusselt number represents the ratio of convective to conductive heat transfer rates 

and is generally given by: 

 

 
𝑁𝑢 =

ℎ𝐷𝑐𝑟
𝑘

 (46) 

 

where 𝐷𝑐𝑟 is a characteristic dimension, ℎ the heat transfer coefficient due to convection and 𝑘 the 

thermal conductivity.  

 

Some of the dimensionless numbers used for its estimation are given in the following expression: 

 

 𝑁𝑢 = 𝑓(𝑅𝑒, 𝑃𝑟, 𝑉𝑖𝑠𝑐, 𝐶2) (47) 
 

the dimensionless groups presented are the Reynolds number (𝑅𝑒), Prandtl number (𝑃𝑟), Viscosity 

number (𝑉𝑖𝑠𝑐) and geometrical factors (𝐶2). 

 

The Reynolds number for confined spaces such as pipes or jackets, the Prandtl number and the 

Viscosity number are given by: 

 

  
𝑅𝑒 =

𝐷𝑐𝑟𝑣𝜌

𝜂
 (48) 

 

 
𝑃𝑟 =

𝐶𝑝𝜂

𝑘
 (49) 

 

 𝑉𝑖𝑠𝑐 =
𝜂

𝜂𝑤
 (50) 

 

𝐷𝑐𝑟 is a characteristic dimension, 𝑣 a characteristic velocity, 𝜌 and 𝜂 are the liquid density and the 

viscosity, respectively. For the case of stirred vessels, the impeller Reynolds number, 𝑅𝑒𝑖, as presented 

in equation (18) can be used instead; 𝐶𝑝 is the average specific heat capacity of the liquid; 𝜂 is the 

viscosity of the liquid at the bulk temperature and 𝜂𝑤 is the viscosity of the liquid at the vessel wall 

temperature. 

 

The Reynolds number (as already mentioned on section 2.3.2) is the ratio of inertial forces to viscous 

forces. Inertia forces are associated with an increase in the momentum of a moving liquid, and hence 

its velocity. Viscous forces are associated with the viscous drag resulting in a reduction of the liquid 

velocity. So it is possible to assume that the Reynolds number gives an indication of the thickness of 

the hydrodynamic boundary layer.  

 

The Prandtl number represents the ratio of viscous diffusion rate to thermal diffusion rate (i.e. the ratio 

of the viscosity and thermal conductivity), thus strongly influencing the relative growth of both the velocity 

boundary layer and the thermal boundary layer.  
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For very viscous liquids, due to the temperature variation across the thermal boundary layer, there may 

be a significant difference between the viscosity of the liquid at the temperature of the bulk flow and the 

viscosity of the liquid at the temperature adjacent to the wall. The Viscosity number tries to accounts for 

this difference. The exact form of the correlation used to determine the Nusselt number and therefore ℎ 

depends also on geometrical factors, which may be accounted in constant 𝐶 or others. 

     

Vessel side heat transfer 

 

For forced convection in the vessel side of stirred tanks, the following equation for the determination of 

the Nusselt number is widely considered to be valid in certain experimental ranges (Chilton 1944; Doran 

2013; Radež, Hudcova, and Koloini 1991; “VDI Heat Atlas” 1937; Wichterle 1994): 

 

 𝑁𝑢𝑣 = 𝐶2𝑅𝑒𝑖
𝑎𝑃𝑟𝑏𝑉𝑖𝑠𝑐𝑑  (51) 

 

where the index 𝑣 indicates a correlation to the vessel side heat transfer. 

 

Apart from the possible physical interpretation of each dimensionless number introduced in the previous 

section, there is no physical justification for the form of the functional relationship given in equation (51) 

and all the constants are evaluated experimentally. The majority of the work done with this type of 

equation proposed a value of 2/3 for the Reynolds number exponent 𝑎, 1/3 for the Prandtl number 

exponent 𝑏, and 0.14 for the viscosity ration exponent 𝑑. The value of the constant 𝐶2 varies between 

0.3 and 1.5 depending on the type of impeller and heat transfer surface. However, these exact 

correlations are only valid when geometric and process similarity exists. The addition of some more 

factors consisting of ratios of geometric dimensions can extend the validity of a correlation to wider 

ranges of geometries. Nevertheless, the range of scales over which they have been validated often is 

very limited. (Mohan, Emery, and Al-Hassan 1992) 

 

As explained in the previous section, in order to correctly ascertain the heat transfer in the thermal 

boundary layer, a good understanding of the velocity boundary layer is needed, hence the study of the 

liquid hydrodynamics is important as both boundary layers are directly connected. 

 

Having this in mind, one of the reasons for the limited range of the expressions with a similar format of 

equation (51) is the consideration of the impeller Reynolds number. As it was noted in section 2.3.4, the 

use of this dimensionless number often leads to inaccurate descriptions of the over-all dynamic liquid 

flow in the bioreactor, as it mainly accounts for the hydrodynamics in the vicinity of the impeller. For this 

reason (Nagata 1972) did not only considered the impeller velocity for the characteristic velocity to use 

in the Reynolds number but also some geometrical factors in order to express the primary mean 

circulation velocity adjacent to the wall of a vessel.  
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A more global and rational approach though, that conceptually accounts for these aspects can be based 

in the energy dissipation rate (휀) introduced in section 2.3.4. Some authors claimed that this approach 

held more accurate results then using an equation solely based on an empirical functional form such as 

(51) (Bourne 1981; Kawase 1990a; Kurpiers 1985; Mohan, Emery, and Al-Hassan 1992). The energy 

that is provided to the system through the rotation of the shaft or/and the introduction of air, and the 

amount that reaches the thermal boundary layer being transferred to the wall, is directly linked with the 

energy dissipation rate per unit mass of the liquid throughout the vessel (Kurpiers 1985). Some authors 

further claimed that the energy dissipation rate concept is essentially equivalent to the boundary layer 

theory introduced in the previous section (Chabra and Richardson 2008; Kawase 1990b). 

 

Some authors presented direct relationships between the energy dissipation rate 휀 and the heat transfer 

coefficient ℎ𝑣 (Kawase 1990a), for both stirred reactors and bubble column reactors such as: 

 

  ℎ𝑣 = 0.138(휀𝜈)1/4𝑃𝑟−2/3 (52) 

  

Others included explicitly the value of the shear rate �̇�, for stirred vessels (Sano 1978): 

 

 
𝑁𝑢𝑣 = 0.512 (

휀𝐷4

�̇�3
)

0.227

𝑃𝑟
1
3 (
𝐷𝑖
𝐷
)
0.52

(
𝑊

𝐷
)
0.08

 (53) 

  

Only valid for bubble column reactors, (Deckwer 1980) proposed the following expression: 

 

 ℎ𝑣 = 𝐶2(휀𝜈)
1/4𝑃𝑟−1/2 (54) 

 

(Kurpiers 1985) proposed the use of a characteristic energy dissipation rate relating to what was 

referred in section 2.3.4. Considering equation (32), the constant 𝐶 was defined as an approximation to 

the amount of energy dissipation density that reached the thermal boundary wall: 

 

 
휀 = 𝜉휀̃ = 𝜉

𝑃

𝜌𝑉
 (55) 

 

This author represented the relationship between the heat transfer and the energy dissipation rate 

through the use of dimensionless numbers, thus providing a similar functional form as equation (51). 

For the case of both liquid and air-liquid systems and two stirrer stages, the relationship holds: 

 

 
𝑁𝑢𝑣 = 𝐾1 {𝜉 (

𝐷

𝐷𝑖
) (
𝐷3

𝑉
)𝑃𝑜𝑅𝑒𝑖

3 + 𝐺𝑎𝑅𝑒𝐺}

0.238

𝑃𝑟0.362𝑉𝑖𝑠𝑐0.23 (56) 

 

where the Galileo number and the Gas Reynolds number are defined respectively by: 

 

 
𝐺𝑎 =

𝐷3𝑔𝜌

𝜂
 (57) 
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𝑅𝑒𝐺 =

𝑢𝐺𝑂𝐷𝜌
2

𝜂2
 (58) 

 

𝑢𝐺𝑂 is the superficial gas velocity and 𝑔 the gravity acceleration. 

 

The Galileo number can be considered as proportional to the gravity forces divided by the viscous forces 

whereas the Gas Reynolds number accounts for the velocity of the rising bubbles coming from the 

sparger into the liquid. The combination of this two numbers is intended to account for the mixing effects 

created by the input energy given by rising and recirculating bubbles.  

 

The impeller Reynolds number is included in this expression, but in fact the dependence of the stirrer 

velocity in the determination of the Nusselt number is not explicitly considered, as its contribution in the 

expression is cancelled by the presence of the Power number. A simple expansion of those terms 

indicates it: 

 

 
𝑃𝑜𝑅𝑒𝑖

3 =
𝑃

𝜌𝑁3𝐷𝑖
5 (
𝑁𝐷𝑖

2𝜌

𝜂
)

3

=
𝑃𝜌2

𝜂3
 (59) 

  

It was suggested that the constant (𝜉) was dependent on geometric factors such as the ratio 
𝐷

𝐷𝑖
, and 

the number of stirrer stages (“VDI Heat Atlas” 1937): 

 

  𝜉 = 0.2 for 
𝐷

𝐷𝑖
= 3 (60) 

 

 𝜉 = 0.37 for 
𝐷

𝐷𝑖
= 1.93 (61) 

 

 𝜉 = 11.58 for two stirrer stages (62) 
 

Jacket side heat transfer 

 

A limited number of publications are available about heat transfer through forced convection on the 

jacket side of a stirred vessel. The use of semitheoretical equations to model the heat transfer in these 

cases should be valid if the flow geometry of the jacket is not very complex. For complex jacket 

geometries a more empirical approach, using an equation similar to (51), can be used. 

 

Model of Lehrer [1970] 

 

If the jacket has the simple geometry as the one presented in Figure 24, and considering the Prandtl 

analogy (for further details see (Grober 1961), the set of equations suggested by (Lehrer 1970) should 

be valid: 
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𝑁𝑢𝐽 = [
0.03𝑅𝑒0.75𝑃𝑟

1 +
1.74(𝑃𝑟 − 1)

𝑅𝑒0.75

] (
𝜂

𝜂𝑤
)
0.14

 (63) 

 

For the definition of the characteristic velocity and length used to determine the Reynolds and the 

Nusselt number, see (“VDI Heat Atlas” 1937).  

 

Model of Baker [1979] 

 

Semitheoretical approaches are difficult to adapt to jackets of which the geometry is more complex than 

the one presented in Figure 24. (Baker and Walter 1979), for example, proposed a more empirical 

approach with the following expression:  

 

 
𝑁𝑢𝑗 =

ℎ𝑗𝐷𝑐𝑟

𝑘𝑤𝑎𝑙𝑙
= 0.019 (1 + 3.5

𝐷𝑐𝑟
𝐷
)𝑅𝑒0.794𝑃𝑟1/3   (64) 

 

the characteristic dimension 𝐷𝑐𝑟, is taken as twice the annulus width of the jacket, 𝛿. 

 

2.4.2. Heat transfer in aerated stirred vessels 

 

The general case explained in the previous sections also applies for aerated stirred vessels. The effect 

of a gas phase in the vessel hydrodynamics, introduced in section 2.3.3, influences the rate of heat 

transfer. In general, the introduction of gas through a sparger also leads to a reduced power drawn by 

the impeller, as cavities of low pressure are formed around the impeller blades (section 2.3.3). With the 

reduced power drawn by the impeller the turbulent conditions are hindered and the heat transfer is 

deteriorated. As long as an increase in aeration rate (for constant stirring rate) hinders the turbulent 

intensity that exists as a result of the rotating impeller, heat transfer in the vessel is reduced. This 

corresponds to the evolution from the flow conditions of Figure 19 (c) to (a). When the impeller starts to 

be flooded the power drawn attains a low constant value and is then independent of the aeration rate. 

At this point, the heat transfer in the vessel also remains approximately unchanged with gas flow. For 

very high gas flow rates though the gas-liquid system will behave partially as bubble column (section 

2.3.3) enhancing possible circulation bubble patterns which improve the heat transfer. (Mohan, Emery, 

and Al-Hassan 1992; Radež, Hudcova, and Koloini 1991)  

 

Still, as referred in section 2.3.3, for increasing viscosity and complex rheological effects such as 

viscoelasticity and/or yield stress that may lead to the formation of stagnant liquid zones, the flow 

patterns are not so well defined and can result in conflicting effects on the heat transfer rate in the vessel 

(Nienow 1998). It is arguable, for example, that increasing number of entrapped bubbles reduce the rate 

of heat transfer if they are stagnant, at least in certain parts of the vessel (Mohan, Emery, and Al-Hassan 

1992). The use of multiple impellers, as also referred in section 2.3.3, may difficult further the 

understanding of the vessel hydrodynamics, hence heat transfer (Nienow 1998). 
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3. Materials and experimental method 

 

3.1. Reactor system 

 

The experiments on the determination of the over-all heat transfer coefficient were carried out in a 50 L 

stirred tank bioreactor (LP 351, Bioengineering AG, Wald, Switzerland), described in detail in (Regestein 

et al. 2013). The schematic representation of the bioreactor is shown in Figure 25. The liquid was equally 

distributed between the impellers, i.e. the distances of the impellers are 1/6, 1/3, 1/3 and 1/6 of the filling 

volume level. The reactor is prepared to operate at 10 bar overpressure in the headspace. The mass 

flow �̇� of the cooling water was measured using a coriolis mass flow controller (Proline Promass, 

Endress + Hauser Flowtec AG, Reinach, Switzerland). Two temperature probes (Pt100) are installed at 

the water inlet 𝑇𝑖𝑛 and outlet 𝑇𝑜𝑢𝑡 of the cooling water system, respectively. The vessel diameter is 290 

mm and the agitation system is composed of three Rushton turbines stages with a radius of 60 mm. The 

mechanical power input from the stirrer was measured with a torque sensor as explained in more detail 

in next section. The over-all heat transfer coefficient was determined using a calibration heater which 

consists of stainless steel and was inserted into a standard Ingold port (see section 3.3).  

 

Figure 25 – Scheme of pressure fermenter including temperature probes at the inlet 𝑻𝒊𝒏 and outlet 𝑻𝒐𝒖𝒕 and 

a mass flow controller with cooling/heating water cycle. Temperature probe inside the reactor 𝑻𝒓 and the 
calibration heater are also shown. Measurement system for torque, stirrer speed and pressure control. 
(Regestein et al. 2013) 
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Mechanical power input 

 

The mechanical power input can be calculated using equation (20). It is then of crucial importance that 

the measurements of the torque (𝑀) are accurate and precise. A calibration system of the torque sensor 

was proposed and describe in detail by (Regestein et al. 2013). It is schematically shown in Figure 26. 

The used design leads to defined torsion moment for calibrating the system. 

 

Figure 26 – Calibration system of the torque sensor. Using the torsion module (6) clamped on the 

stirrer shaft (4), the latter is loaded with defined forces 𝐹 on deflection rollers (5). No forces are exerted 
directly laterally on the shaft, which may hamper the calibration procedure. The slide ring sealing (2) 
does not affect the torque measurement because the torque signal is transferred from the inside of the 
reactor by a central shaft mounted inside a hollow shaft (3). The torque sensor is placed outside the 
reactor (1). (Regestein et al. 2013) 

 

3.2. Xanthan solution as shear thinning model liquid 

 

The model liquid used in the present work were solutions of xanthan gum with concentrations of 1 to 10 

g/L in deionized water. The xanthan gum powder was provided by BASF. The solutions were prepared 

by mixing the adequate xanthan gum weight and volume of water in the vessel interior at 500 rpm and 

30 oC, during, at least 3 hours, in order to attain complete xanthan dissolution. The initial experiment 

was performed with deionized water and a solution of physiological concentration (9 g/L) of sodium 

chloride. The salt was provided by Merck, Darmstadt, Germany (lot number 1.06404.5000). 
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3.3. Measure of the over-all heat transfer coefficient 𝑈𝐴  

 

The over-all heat transfer coefficient was determined using two calibration heaters (high performance 

cartridge heater, length: 50 mm, maximum power: 500 W, Türk & Hillinger, Tuttlingen, Germany) in an 

in-house built steel probe as suggested by (Voisard et al. 2002) and validated and described by 

(Regestein et al. 2013). Both calibration heaters are identical but one was additionally equipped with an 

integrated Pt100 temperature sensor, located at the tip of the heater. A photograph of a calibration 

heater is depicted in Figure 27: 

  

 

Figure 27 – Calibration heater. Photograph by: Wunderlich, Martin. 

 

Using the formulation proposed by (Regestein et al. 2013), if the calibration heater is switched off and 

only the cooling/heating capacity of the jacket is considered (�̇�𝑗), the over-all heat transferred in the 

reactor system is given by: 

 

 �̇�𝑗 = 𝑈𝐴𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 ∙ Δ𝑇𝑟,𝑗̅̅ ̅̅ ̅̅ 𝑜𝑓𝑓 (65) 

 

If the heater is switched on, a defined power input (�̇�𝑐𝑎𝑙) can be generated and the over-all heat 

transferred in the reactor holds: 

 

 �̇�𝑗 − �̇�𝑐𝑎𝑙 = 𝑈𝐴𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 ∙ Δ𝑇𝑟,𝑗̅̅ ̅̅ ̅̅ 𝑜𝑛 (66) 

 

By combining equation (65) and (66) the over-all heat transfer coefficient can be obtained: 

 

 
𝑈𝐴𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 =

�̇�𝑐𝑎𝑙

Δ𝑇𝑟,𝑗̅̅ ̅̅ ̅̅ 𝑜𝑓𝑓 − Δ𝑇𝑟,𝑗̅̅ ̅̅ ̅̅ 𝑜𝑛
 (67) 

 

The logarithmic-mean temperature difference (Δ𝑇𝑟,𝑗) used in equations (65)-(67) is characteristic of 

systems in concurrent or countercurrent and provides a good simplification for many jacketed stirred 

bioreactors (Doran 2013; Incropera 2011): 
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Δ𝑇𝑟,𝑗 =

(𝑇𝑟 − 𝑇𝑗,𝑖𝑛) − (𝑇𝑟 − 𝑇𝑗,𝑜𝑢𝑡)

ln [
(𝑇𝑟 − 𝑇𝑗,𝑖𝑛)
(𝑇𝑟 − 𝑇𝑗,𝑜𝑢𝑡)

]

 
(68) 

 

The total calibration heat flow was manually set between 80 W and 500 W in a way that the temperature 

measured in the heat probe was close to, but did not exceed a difference of 20 K to the reactor interior 

bulk. For each experiment, several calibration cycles (one phase with the heater switched off and the 

following phase with the heater switched on) were carried in order to have a statically meaningful value 

of 𝑈𝐴. The heating power was adjusted with an open loop control with pulse width modulation through 

an output regulator with a solid state switching device (3RF2920-0HA13 and 3RF2120-1AA02, 

Siemens AG, Munich, Germany) operated at nominal 230 V and 50 Hz. The line voltage and frequency 

as well as the current were monitored with a HM8115-2 power meter and a HZ815 power adapter 

(HAMEG Instruments GmbH, Mainhausen, Germany). 

 

The over-all heat transfer coefficient (𝑈𝐴) is obtained over different experiments presented in Table 2. 

The standard reactor conditions used correspond to: Reactor temperature (𝑇𝑟): 30oC; cooling water flow 

(�̇�): 1500 kg/h; Stirring rate (𝑁): 500 rpm; Aeration rate (𝐹𝑔): 0 vvm; Headspace overpressure: 0 bar.  

 

Table 2 – Experimental variables of the Reactor system and the corresponding affected heat transfer 
parameter  

System variables Range of variation 

Xanthan concentration 1 - 10 g/L 
Stirring rate 125 -1000 rpm 
Aeration rate 0.25 - 2 vvm 
Headspace overpressure 0 - 3 bar 
Cooling water circuit flow 500 - 1500 kg/h 

 

 

3.4. Online data acquisition and processing  

 

Experimental data was transferred to a personal computer via 12 bit analog-to-digital converters (ADAM 

4018, 4024, and 4520, Advantech Europe B.V., Eindhoven, The Netherlands) and recorded with an in-

house written C# program every 2.16 seconds. 

 

An example of the 𝑈𝐴 determination is shown in Figure 28 with a graphical representation. After the 

logarithmic temperature differences between the reactor and the jacket are computed (Δ𝑇𝑟,𝑗), the 

experimental points that correspond to a non-equilibrated system (grey) are excluded. An average with 

the points that correspond to the heater switched on (blue) and off (green) are then calculated (orange 

squares and diamonds). The over-all heat transfer coefficient is finally determined (orange circles and 

arrow) with the averaged logarithmic differences (Δ𝑇𝑟,𝑗̅̅ ̅̅ ̅̅ ) and the information about the power input given 

to the heater, according to equation (67).  
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Figure 28 – Logarithmic average temperature difference between the jacket and the reactor and UA 
calculated value. The heating cycle is denoted with red lines, showing the difference between the calibration heater 

temperature and the reactor (Heater temp. diff. To Reactor). – Average temp. diff.  – refer to the average of the 
logarithmic temperature differences between the jacket and the reactor. System conditions: Xanthan solution 3g/L, 

500 rpm, �̇� = 780 kg/h, �̇�𝑐𝑎𝑙= 500 W, 0 vvm. 

 

For calculating and modelling the Nusselt number inside the vessel (𝑁𝑢𝑣), a simplified version of the 

(Kurpiers 1985) model (equation (56)) was used. The simplification is discussed in section 4.2.6: 

  

 

𝑁𝑢𝑣 =
ℎ𝑣𝐷

𝑘𝑥
= 𝐾1 {𝜉 (

𝐷

𝐷𝑖
)(
𝐷3

𝑉
)

𝑃

𝜌𝑁3𝐷𝑖
5 (
𝑁𝐷𝑖

2𝜌

𝜂
)

3

+ 𝐺𝑎𝑅𝑒𝐺}

𝑎

𝑃𝑟𝑏 (69) 

 

For the Nusselt number inside the vessel jacket (𝑁𝑢𝑗), the model proposed by (Baker and Walter 1979) 

(equation (64)) is used as the vessel jacket has an irregular geometry. The used characteristic velocity 

of the Reynolds number is calculated as an average velocity over the different parts of the jacket. For 

details on the calculation steps, see section 7 in Appendix.  

 

 
𝑁𝑢𝑗 =

ℎ𝑗𝐷𝑐

𝑘𝑤𝑎𝑙𝑙
= 𝐶3 (1 + 3.5

2𝛿

𝐷
) 𝑅𝑒𝑑𝑃𝑟𝑒    (70) 

 

The following measurands were incorporated in the model equations: Reactor temperature (𝑇𝑟), 

temperature of the vessel jacket inlet (𝑇𝑗,𝑖𝑛) and outlet (𝑇𝑗,𝑜𝑢𝑡), electrical heat power (�̇�𝑐𝑎𝑙), jacket water 

flow (�̇�), mechanical power input (𝑃), stirrer speed (𝑁), and aeration rate. All additional invariable 

parameters and constants used for modelling are listed in the list of constants. 

 

Considering the global heat transfer model (equation (45)) and the referred measurands it is possible to 

get from equation (69) the online the over-all apparent viscosity in the vessel according to: 
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𝜂 =

{
 
 

 
 

𝑁𝑢𝑣

𝐾1 (
𝑐𝑝
𝐾
)
𝑏
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𝐷
𝐷𝑖
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𝑉
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3
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3𝑔𝜌2𝑢𝐺𝑂𝐷𝜌]

𝑎
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1
𝑏−3𝑎

 (71) 

 

 

3.5. Offline data acquisition and processing  

 

A sample from the reactor was taken generally once a day. The viscosity of a 450 µL sample was 

measured with a controlled shear rheometer (Physica MCR 301, Antoon Paar) over the shear rate of 

0.1 to 3.8x104 s-1, increased logarithmically (10 data points per decade). All the measurements were 

performed at the same over-all controlled temperature of the reactor (30 oC). The rheometer geometry 

was cone-plate. A spindle with a diameter of 49.945 mm cone of 0.467o, and a truncation of 54 µm was 

used (CP50-0.5/TG, Antoon Paar). Two or more measurements of the same sample viscosity were 

performed until a similar flow behavior for the sample was obtained. The normal forces on the plate were 

also recorded as a way of ascertain the plastic behavior of the samples and validate the viscosity 

measurements. 

 

The flow curve of the measured samples was fitted with the Cross model (equation (3)) between the 

shear range of 0.5 to 104 s-1 in order to avoid measurement errors (see section 4.1). For fitting the 

various coefficients of equation (3), a method of squared differences minimization is used: 

 

 
∑(1 −

𝜂𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
𝜂𝑒𝑠𝑖𝑚𝑎𝑡𝑒𝑑

)
2

𝑥𝑖

 (72) 

 

For estimating the shear rate in the vessel, the model equation proposed by (Henzler 2007) (combination 

of equation (35) and (33)) is used: 

 

 
�̇� = (

(𝐵𝑒(𝛼∙𝑛))2 ∙ 𝑃

𝜂 ∙ 𝑉
)

1/2

 (73) 

 

For the offline estimation of the apparent viscosity in the vessel an iterative process between equation 

(73) and the Cross model is used (see section 4.1) 

 

3.6. Global heat transfer model fitting 

 

A method of squared differences minimization to fit the parameters: 𝐾1, 𝜉, 𝑎, 𝑏 from equation (69) and 

𝐶3 and 𝑑 from equation (70) was used. The minimization criteria is the difference between 𝑈𝐴𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  
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and 𝑈𝐴𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 as it uses the data from the 𝑈𝐴 measurements in the least treated possible way avoiding 

multiplication of estimation errors: 

 

 ∑(𝑈𝐴𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − 𝑈𝐴𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑)
2

𝑥𝑖

 (74) 

 

Estimation of the 𝑈𝐴 value is obtained with equation (45). The respective heat transfer coefficients are 

obtained with equation (69) and (70). The offline bulk vessel viscosity used for the determination of the 

vessel side Nusselt number is obtained according to section 3.5. Hereinafter, the expression – global 

model – refers to the global heat transfer model given by combining equation (45), (69) and (70). 

 

4. Results and discussion 

 

4.1. Offline viscosity measurements 

 

Offline apparent viscosity of the liquid vessel is used both for fitting the global heat transfer model 

coefficients and to provide a basis for comparison of on- and offline measurement. Often in scientific 

papers (Bourne 1981; Khare and Niranjan 1995; Radež, Hudcova, and Koloini 1991; Sánchez Pérez et 

al. 2006), the power law (equation (2)) to describe the rheological behavior of a liquid with/or a linear 

relation between the impeller speed and the shear rates in bioreactors  is used (equation (22)) to 

estimate the offline viscosity in the liquid (equation (24)). But this approximation is only valid within 

certain flow regimes (section 2.3.2) and a limited range of both shear rates and rheological behaviors 

(section 2.1.2) (Kawase and Kumagai 1991). Hence an appropriate method do define its value in 

accordance with the xanthan rheological properties and the shear rate in the vessel is required.  

 

Rheometer measurements and viscosity model 

 

In section 2.1.2 the theoretical background justifying the use of the Cross model equation (3) to model 

the viscosity of shear thinning solutions was established (repeated below): 

 

 𝜂𝑎𝑝𝑝 = 𝜂∞ +
𝜂0 − 𝜂∞

1 + (𝐾�̇�)1−𝑛
  (3) 

 

Both the shear thinning and plastic behavior characteristic of xanthan solutions are accounted with this 

model. The flow curves of some xanthan samples with different concentrations computed from the 

rheometer data are shown in Figure 29. The viscosity increment with increasing concentrations is 

obvious. The plateau of zero-shear viscosity is well defined with lower concentrations, whereas for 

higher concentrations the onset of the power law region is less clear and seems to begin at lower shear 
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rates, which is a typical behavior for polymer solutions with increasing concentration (Barnes 2000; 

Macosko 1994). An explanation for this experimental result is mentioned in section 2.1.2.  

 

Figure 29 - Viscosity of xanthan solutions at various shear rates and different concentrations.  

 

To determine which range of viscosities should be considered valid for fitting with the Cross model 

equation (3) in accordance with the accuracy limit ranges of the used rheometer geometry (2.2.1), 

analysis of the first normal stress differences (N1) (section 2.1.2) can be useful. A representation of the 

average measurements of (N1) for different xanthan solutions is presented in Figure 30. The calculation 

of this difference is attained with equation (17).  

 

In Figure 30, an increase in N1 with shear rates is registered for xanthan concentrations from 1 to 3 g/L 

in the shear range of 0.1 to around ≈10 s-1. As referred in section 2.1.2, the first normal stress difference 

is expected to increase with increasing shear for a shear thinning liquid. On the other hand, the first 

normal shear stress difference decreases for shear rates between ≈50 and ≈1000 s-1, approximately. 

This decrease can be explained by the presence of inertial secondary flow pattern which tend to pull the 

plates together (section 2.2.1). Finally, at shear rates higher than ≈1000 s-1, N1 rises abruptly, probably 

indicating edge effects, as some sample is being thrown out of the measuring plates (section 2.2.1).  
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Figure 30 – Average measurements of the first normal stress difference (N1) of different xanthan 
solutions. 

 

For concentrations of 5 to 10 g/L, a high value of N1 is registered for small shear rates. This observation 

might result from normal forces arising during loading of the sample in the rheometer, as schematically 

shown in Figure 31. Viscosity measurements done within the relaxation time of a sample (where the 

body forces are not negligible) might lead to reproducibility problems (section 2.2.1). The length of time 

for the sample to attain equilibrium on the normal force value vary from minutes to hours depending 

upon the sample under test. High viscoelastic samples will correspondingly exhibit high normal forces 

upon loading and will take more time to relax (Franck; TA Instruments). Besides this observation, some 

oscillations in the value of the first normal stresses differences are also evident for xanthan concentrated 

solutions of 7.5 and 10 g/L. This is another characteristic effect of high viscosity polymer melts with 

viscoelastic properties and can also affect the reliability of the viscosity measurements in such low shear 

rates (Macosko 1994). Taking both aspects into account, shear rates lower than 0.5 s-1 are not 

accounted for calculation. Also, it is given a clear indication that the xanthan solutions beginning with a 

concentration of 5 g/L show signs of viscoelasticity. 
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Figure 31 – Normal force during loading. (TA Instruments).  

 

Figure 30 also seems to indicate that viscosity measurements performed with shear rates higher than 

1000 s-1 should be discarded. However it is of interest to consider shear rate ranges up to 104 s-1 as 

those are within the range of shear rates found in the bioreactor, especially for the lower xanthan 

concentration solutions and high impeller velocity (Henzler 2007). The mentioned shear rate limit ranges 

(0.5 to 104 s-1) are considered for all the samples in order to avoid accounting for different errors 

depending on the shear rate range considered.  

  

The use of equation (72) (section 3.5) for fitting the various coefficients of equation model (3) should 

also be adequate to the present case. According to (Escudier et al. 2001) the minimization of the referred 

standard deviation is more adequate for treating results where the measured viscosities covers several 

orders of magnitude, as the low shear rate viscosities are not heavily weighted. This was confirmed in 

the present work (data not shown). Figure 32 depicts an example of the model flow curve fitting with 

experimental results using the Cross model for some of the measured samples (compare with Figure 

29).  
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Figure 32 – Viscosity of xanthan solutions measured in the rheometer together with Cross model 
fits. Symbols: measured values; lines: fitted Cross models. 

 

It is important to note that the measured viscosity of samples corresponding to experiments with aerated 

conditions is, in average, lower than the corresponding ones with non-aerated conditions. This results 

from the fact that the eventual bubbles entrapped in the samples were not removed, hence its effect 

was accounted on the measurements. This is more relevant for experiments with 10 and 7.5 g/L, which 

is expected since more bubbles are entrapped within the liquid due to the considerable levels of 

viscoelasticity and the manifestation of a yield stress in these samples. 

 

Offline vessel apparent viscosity 

 

The viscosity of a shear thinning liquid is strongly influenced by the shear rate conditions (section 2.1.2). 

The Cross model (equation (3)) allows for the determination of the viscosity as a function of the shear 

rate conditions and some experimental characteristic constants (𝜂∞, 𝜂0, 𝐾 and 𝑛). Then, if the shear rate 

conditions on the vessel bulk liquid are well characterized, determination of the bulk vessel viscosity 

may follow.  

 

In section 2.3.4 the theoretical background justifying the use of models based in the concept of specific 

energy dissipation rate was established as it provides a more accurate insight into the hydrodynamics 

of the liquid vessel. The model proposed by (Henzler 2007) to determine the characteristic shear rate in 

the vessel (equation (73), repeated below) was one of the proposed models and is used in the present 

work. The model was also derived using xanthan solutions. 
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�̇� = (

(𝐵𝑒(𝛼∙𝑛))2 ∙ 𝑃

𝜂 ∙ 𝑉
)

1/2

 (73) 

 

the power input value 𝑃 can be either measured, as referred in section 55, or determined from equation 

(19) if the Power number (𝑃𝑜) is known for the specific reactor system and liquid used (section 33).  

 

As both the Cross model and the Henzler model are dependent on the shear rate and viscosity, an 

iteration process is required between equation (73) and (3) in order to determine both. First, an initial 

value of the shear rate in equation (3) is assumed to obtain the correspondent viscosity according to its 

characteristic flow curve. Then, the calculated viscosity value is used as input in equation (73). The flow 

index (n) and parameter B (1 for xanthan solutions, see Table 1) are considered as constants for a 

specific flow curve with model equation (3) and are also used as input to solve equation (73). A 

characteristic shear rate in the reactor is determined in this way. When the assumed shear rate in the 

rheometer is equal to the one in the reactor, the correspondent viscosity is considered to be the offline 

over-all apparent viscosity in the reactor.  

 

As the offline calculated viscosity from the flow curve (determined with the rheometer) is used to adjust 

the shear rate in the reactor, the iteration process implies the approximation that the flow in the 

rheometer is similar to the one in the reactor. Although not entirely true taking into account the 

differences between the simple shear in the rheometer (section 2.2.1) and the complex flow in the 

reactor (section 2.3.1), this approximation is used on the basis of a simplified physical picture of 

hydrodynamics in bioreactors (Kawase and Kumagai 1991) . 

 

The use of the parameter (𝐵𝑒(𝛼∙𝑛))2 in equation (73) accounts for the specific energy dissipation rate in 

the vessel (section 2.3.4). As suggested by (Henzler 2007), the use of this parameter should be only 

valid when uniform mixing conditions on the vessel are verified. The validity of this statement is tested 

in the following sections.  

 

4.2. Online viscosity measurements 

 

The main goal of the results is to show a correlation between the measured 𝑈𝐴 values and the 

offline/online apparent viscosity and to discuss where the used global heat transfer model failed to 

determine accurately the viscosity in the vessel bulk. But the graphical representation of these variables 

is hard to interpret due to the high plot density and large range of viscosities attained. Even the use of 

a logarithmic scale does not allow for easy readings. A simpler way to interpret the obtained results is 

attained by comparison of the measured/estimated 𝑈𝐴 values vs the xanthan concentration. If the 

measured 𝑈𝐴 values do not have large measurements errors, a reduced difference between the 

estimated 𝑈𝐴 value and the measured one can indicate that the used global model is able to give 

accurate insight into the heat transfer and hydrodynamics of the vessel. As both the heat transfer and 

hydrodynamics are dependent on the apparent viscosity, an accurate value of the online viscosity may 
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follow from the proposed global heat transfer model. The use of xanthan concentrations in the diagrams 

is also intended to facilitate interpretation and its value is directly related with the viscosity in the vessel 

(section 4.1). The direct comparison between the online and offline over-all viscosity is only presented 

in section 4.3 after the discussion of the following results allows to understand to what extent the 

proposed global model is valid. 

 

In the following sections, the results on the influence of the varied operational parameters referred in 

Table 2 are presented and discussed. At first, the model coefficients of the Nusselt number for the jacket 

and vessel side are fitted only for the experiments with varying stirring rate and cooling water circuit. 

Then, the adapted global heat transfer model is further fitted to the experiments with varying aeration 

rate and headspace overpressure. The model coefficients are presented in each diagram. The error 

bars of the measured 𝑈𝐴 values correspond to the standard deviation with a confidence level of 95% 

relative to the average 𝑈𝐴 value for each experiment (section 4.3 for more details) 

 

The standard reactor conditions used correspond to: 𝑇𝑟: 30oC; �̇�: 1500 kg/h; 𝑁: 500 rpm; Aeration rate 

(𝐹𝑔): 0 vvm; Headspace overpressure: 0 bar. Whenever a system variable is changed, according to 

Table 2, the other conditions correspond to the standard ones. The performed experiment with only 

standard conditions is presented with a green line. 

 

4.2.1. Xanthan concentration influence on heat transfer 

 

Figure 33 – Variation of the measured (dots) and modeled (dotted line) over-all heat transfer coefficient with 
increasing xanthan concentration. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 
30oC; �̇�: 1500 kg/h; 𝑁: 500 rpm; (𝐹𝑔): 0 vvm. Estimated 𝑈𝐴 values obtained by fitting to the experiments with varying 

stirring rate and cooling flow.  
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Figure 33 indicates a reduction in the measured value of UA with increasing xanthan concentration, 

hence viscosity. 

 

As denoted in section 2.4, heat transfer is strongly dependent on the hydrodynamic profiles and shear 

rates in the vessel bulk liquid. These, in turn, are dependent on the amount of energy introduced into 

the system and the liquid rheological properties. If the xanthan concentration, hence the liquid viscosity, 

increases whilst all the other parameters in the system are kept constant, a reduction in the shear rate 

is expected and so the rate of energy that reaches the thermal boundary layer is decreased. 

Consequently, the thermal boundary layer thickness will increase enhancing heat transfer through 

diffusion. Still, the relative importance of this contribution is significantly smaller compared to the heat 

transferred through the bulk liquid motion, especially while the system is in turbulent conditions (section 

2.4.1). Consequently, the measured reduction in the over-all heat transfer coefficient was expected and 

is in accordance with the referred concepts.  

 

Model fitting 

  

The estimated 𝑈𝐴 values agree with the trend of the measured values. The alteration of the viscosity in 

the vessel affects directly the heat transfer coefficient in the vessel side (ℎ𝑣) and so Kurpiers heat 

transfer model (equation (69)) is fundamental for a good global model fitting. 

 

The reducing effect on heat transfer promoted by the increase in the viscosity is explicitly accounted on 

the Reynolds number resulting in the reduction of the estimated 𝑈𝐴 value. On the other hand, the 

increase of viscosity leads to a higher Prandtl number, hence increase of the 𝑈𝐴 value. However, the 

Prandtl coefficient is reduced as compared to the coefficient that affects the Reynolds number, taking 

into account the reduced relevance of heat transfer through diffusion in the present case. Hence, 

viscosity increase leads to a decrease in the estimated 𝑈𝐴 values according to the measured ones. The 

reason for the deviation of the estimated 𝑈𝐴 values from the measured ones at xanthan concentrations 

of 1 and 2 g/L is unknown. 

 

 

4.2.2. Stirring rate influence on heat transfer 

 

In order to attain the influence of different stirring rates in the heat transfer conditions of the vessel this 

parameter was changed between the ranges of 125 to 1000 rpm.  

 

Figure 24 indicates an increase in the measured value of 𝑈𝐴 with increasing stirring rate. This was 

expected as increasing stirring rates increase the flow velocity of the liquid, hence, the dissipation rate 

of energy to the thermal boundary layer is increased and the heat transfer is improved, increasing the 

measured 𝑈𝐴 value. The shear thinning characteristics of the bulk vessel liquid contribute to this process 

as their viscosity decreases with increasing shear rate, enhancing further the turbulent flow conditions.  
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Figure 34 - Variation of the measured (dots) and modeled (dotted line) over-all heat transfer coefficient with 
different stirring rates. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 

kg/h; 𝑁: 500 rpm; (𝐹𝑔): 0 vvm. Estimated 𝑈𝐴 values obtained by fitting to the experiments with varying stirring rate 

and cooling flow. 

 

 

 

Decreasing stirring rates lead to a reduction in the over-all heat transfer. This again is expected as the 

flow in the vessel evolves gradually from turbulent conditions to transitional and finally to laminar flow. 

Consequently, the shear viscosity will increase, further reducing the mean flow velocity throughout the 

liquid in the vessel.  

 

For the marked points in orange in Figure 34, corresponding to high xanthan viscosities and low stirring 

rates, the measured UA value seem to decrease more abruptly than for higher stirring. This abrupt 

decrease of the measured 𝑈𝐴 value may indicate that the flow conditions in the vessel changed 

considerably. The formation of stagnant zones is one possible explanation as it is associated with a 

marked reduction in the turbulence conditions in the vessel, resulting in a reduced heat transfer. This 

possibility is investigated below. 

  

Stagnant zones formation 
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As referred in section 2.3.1, if the liquid viscosity has an increasing degree of viscoelasticity which the 

manifestation is enhanced by the low shear rates in the reactor, zones of stagnant liquid can start to 

appear in the outer limits of the vessel, close to the wall. The zones of good mixing conditions will only 

be verified close to the impellers. Taking into account the limited insight into the liquid dynamic provided 

by analyzing the impeller Reynolds number (section 2.3.4), another type of analysis to ascertain the 

existence of stagnant liquid zones is used. The estimation of the cavern sizes in the vessel considers 

more system variables like the liquid yield stress, hence giving a more complete insight into the liquid 

dynamics.  

 

From what was referred in section 2.3.2 it is possible to conclude that is hard to modulate all the features 

of cavern shape and formation. Although some complex mathematical models try to consider many of 

the verified phenomena (see (Xiao et al. 2014)), it is more reasonable, in an engineering perspective, 

to adopt a model that resembles the “average” shape of a cavern for a specific vessel and impeller 

geometry and the flow dynamic that it induces. 

 

As shown by (Arratia et al. 2006), through the use of three Ruston turbines in a vessel with standard 

geometry and a shear thinning liquid the mixing performance will be reduced due to strong 

compartmentalization characterized by robust segregation between adjacent caverns (the passage of  

material from one cavern to the other is very reduced) (see Figure 35). It is possible to ascertain that 

there will be a minimum axial flow in the regions in between the caverns and also between their upper 

and lower parts due to the symmetric characteristics of the flow induced by radial turbines. So the flow 

of radial turbines with multiple impellers can be considered mainly radial. 

 

 

Figure 35 – Bulk flow behavior obtained via UV fluorescence (left hand-side of each image) and numerical 
simulations (right-hand side) at increasing stirrer speed: (a) 50 rpm, (b) 150 rpm and (c) 300 rpm. (Arratia et 
al. 2006). 

 

Taking these aspects into account, the model suggested by (Wilkens et al. 2005) given by equation (28), 

is considered for the estimation of the cavern diameter (𝐷𝐶). In agreement with Figure 35, the following 

parameters are considered: 
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Parameter Description Value Unit  

𝑴 Torque Continually measured N∙m 

𝜷 Ratio of the major axis to the minor 
axis of each torus lobe of the cavern 

2 - 

𝜶 Adjustment parameter, calculated 
according to (Wilkens et al. 2005) 

≈3,1 - 

𝝉𝟎 Zero shear stress According to equation (13) Pa 

 

The use of the zero shear stress according to equation (13) is adequate as it is equivalent to the Bingham 

yield stress, the same used for derivation of the model suggested by (Wilkens et al. 2005). It is important 

to note that the calculations of the mixing cavern diameter should be used to calculate the diameter of 

a single impeller, as the model was derived in this conditions. A distribution of the measured torque 

throughout the different impellers is then required. This estimation however is non-trivial. Several 

aspects mentioned in section 2.3.1, such as bottom clearance and distance between impellers, influence 

the imparted torque, hence power dissipation, of each one. The different cavern shapes showed in 

Figure 35 (c) for the bottom and middle impeller is an example of this concept. This leads to increasing 

uncertainty in the definition of the cavern size, besides the shape approximations already referred. The 

calculations employed in the present work considered, as approximation, an equal distribution of the 

torque measurement for each impeller. The results are presented in Figure 36.  

 

As can be attained from the results, for increasing xanthan concentrations and reduced stirrer speeds, 

the cavern diameter of well mixed liquid are reduced. These results also indicate that the viscoelastic 

and plastic properties of the xanthan solution may be increasing, enhancing the formation of caverns 

(section 2.3.1). This conclusion is in accordance with the offline viscosity measurements on the 

rheometer that indicated an increased viscoelasticity of the samples with viscosities higher than 5 g/L 

(section 4.1).  

 

If the calculated cavern diameter is larger than the vessel diameter, the obtained value has no real 

physical meaning. It indicates that, most probably, the liquid is completely mixed throughout the all 

vessel. On the other hand, it is plausible to assume that even if the model does not indicate the cavern 

presence, its formation might have taken place taking into consideration all the approximations 

employed in the cavern diameter calculation.  
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Figure 36 – Ratio of Cavern/Vessel diameter (𝐷𝐶/𝐷), calculated according to equation (28). Reactor 

operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 kg/h; 𝑁: 500 rpm; (𝐹𝑔): 0 vvm  

 

Finally, with the exception of the experiment with 2 g/L and 125 rpm, the points inside the orange line in 

Figure 36 are the same marked in Figure 34, over which the possible formation of stagnant liquid zones 

was to be investigated. All of them are very close or below the vessel diameter, hence it is reasonable 

to assume that for these experiments zones of stagnant liquid may be present in the vessel.  

 

Model fitting 

 

The estimated 𝑈𝐴 values agree with the trend of the measured values. Different stirring rates affect 

directly the heat transfer coefficient in the vessel side (ℎ𝑣) and so Kurpiers heat transfer model (equation 

(69)) is fundamental for a good global model fitting. The influence of the stirring rate on the vessel heat 

transfer conditions is accounted in the power drawn by the impeller (𝑃), which increases with increasing 

stirring rate, and by the xanthan viscosity, which decreases with increasing stirring rate, due to its shear 

thinning properties.  

 

The global heat transfer model seems to provide accurate estimations for the majority of the 

experimental points. Still, it does not seem so successful in estimating the 𝑈𝐴 value for the points where 

well mixed caverns may be present. Some deviations in the estimated values for experiments with water 

are also observed. The value of the experiment correspondent to 125 rpm and 10 g/L, in particular 
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seems to be well-modulated though, but the measurement error for this point is high in comparison with 

the other measured values and its value shall be interpreted with caution (section 4.3). 

 

One possible reason for the deviations in the estimated points where cavern formation has probably 

taken place may derive from the use of equation (35) as a parameter to obtain the specific energy 

dissipation rate in the vessel (equation (33)). (Henzler 2007) suggested the use of expression (35) 

should be valid when good uniform mixing conditions on the vessel are verified, as turbulent flow. If this 

assumption is not valid, the use of equation (35) may not be adequate to describe the specific energy 

dissipation rate in the vessel. Thus, a new global heat transfer model fit is carried out without considering 

the experimental points where zones of stagnant liquid may be present (the experiment for 1 g/L and 

125 rpm seems to be well modulated and has a small error so it is considered for the new global fit). 

The results are presented in Figure 37: 

 

Figure 37 – Variation of the measured (dots) and modeled (dotted line) over-all heat transfer coefficient with 
different stirring rates. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 

kg/h; 𝑁: 500 rpm; (𝐹𝑔): 0 vvm. Estimated 𝑈𝐴 values obtained by fitting to a selection of experiments with varying 

stirring rate and all experimental points with cooling flow. 

 

It is evident that for the selected points, the considered model is able to accurately estimate the 𝑈𝐴 

values, further indicating that the previously referred points did not correspond to uniform mixing 

turbulent or transitional conditions. 

 

The above result was obtained using the measured power input (section 3.12.3.2) to determine both the 

offline apparent viscosity in the vessel with the Henzler model (equation (73) and the Nusselt number in 

the vessel side with Kurpiers model (equation (69)).  
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If instead, the power input is to be calculated through equation (19), the Power number for the specific 

used conditions have to be known. The Power number of a certain impeller is dependent on the impeller 

geometry and so the mentioned factors in section 2.3.1 of bottom clearance and impeller spacing and 

even reactor geometry (section 2.3.2) will affect the turbulent power number of a specific reactor system. 

For the case of a single Rushton turbine in a reactor with standard geometry, from Figure 17 is possible 

to get a value of 5, approximately (curve 1 in Figure 17 for the present case). For the use of multiple 

turbines, if the spacing between the single impellers is approximately the vessel diameter (section 2.3.1) 

and the flow pattern of the bottom impeller is not very affected by bottom clearance effects, it is 

acceptable to sum this value for all the three impellers, resulting in a total turbulent power number of 15, 

approximately. In the present case though, the verified separation is smaller than one vessel diameter 

(only 0.72) and the exact effects of bottom clearance in the lowest impeller are unknown, so the use of 

the direct sum of the turbulent power number of one Rushton turbine for used multistage impeller system 

does not seem reasonable. Another approach would be to read the value of the turbulent power number 

from a constructed Power number vs impeller Reynolds number graphic with respect to measured 

values.  Such an analysis results in a total turbulent power number of 11, approximately. 

 

The use of the suggested Power number value of 11 provides basically the same results obtained by 

the use of the measured mechanical power input (Nusselt vessel coefficients are: a=0.101; b=0.074; 

𝜉=370; 𝐾1=9.47; Nussel jacket coefficients are: d=1.05; 𝐶3=0.003). The exception is the experiment with 

125 rpm and xanthan 1 g/L, which the global model is not able to estimate accurately. The estimation 

of cavern formation in the previous section indicated that in this experiment zones of stagnant liquid 

were probably present. The use of the power input through equation (19) is limited to only the cases 

where a clearly uniform turbulent flow is present in the vessel as the power number used was estimated 

for this case only. So a bad estimation of the experiment with 125 rpm and 1 g/L result was expected. It 

was also verified that the use of a power number of 15, albeit not adequate in theory, also allowed for 

accurate 𝑈𝐴 estimations (Nusselt vessel coefficients are: a=0.10; b=0.077; 𝜉=415; 𝐾1=8.8; Nussel jacket 

coefficients are: d=1.05; 𝐶3=0.003). Still, the results considering a power number of 11, based on the 

experimental results, allowed for a slightly better estimation, as expected (results not shown). 

 

One finally hypothesis was tested. As explained in section 2.4.1, (Kurpiers 1985) derived his model 

(equation (56)) based partially in the concept of specific energy dissipation rate, including a constant (𝜉) 

to account for the distribution of energy dissipation rate in the thermal boundary. Making a parallelism 

between this constant and constant 𝐶, introduced in section 2.3.4, and taking into account the definitions 

used by (Henzler 2007) and (Sreenivasan 1995) to define it, a dependence on the shear conditions of 

the liquid would be expected to be included in 𝜉. Indeed, it seems reasonable to include such a 

dependence, to better differentiate, for example, the heat transfer with water or with a shear thinning 

liquid, which promote completely different shear conditions in the vessel. 
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The inclusion of such a dependence on model equation (69) is only suggested here as an approximation, 

in order to ascertain the qualitatively effect of this consideration. The inclusion of parameters directly 

associated with a viscosity flow model (section 2.1.2), such as the flow index (𝑛), implies a considerable 

alteration of the functional form of equation model (69) and so it is not considered. As the final goal of 

using the over-all heat transfer measurements with accurate heat transfer models is to determine what 

the vessel bulk liquid viscosity is, such information will not be available, and so, its use is also discarded. 

Another parameter that is known to be related with each liquid viscosity is, as referred in section 2.1.2, 

the average molecular weight of each substance. This information is usually accessible and shall be 

used as an empirical shear factor. Differentiation of the shear conditions promoted by different xanthan 

concentrations will not be accounted but differences between the shear conditions that water and 

xanthan solutions promote are, in concept, accounted. The final form of the constant to adjust the 

specific energy dissipation rate using a functional form similar to the one used by (Henzler 2007) in 

equation (35) has the following form: 

 

 𝐶 = 𝜉𝐿2 = 𝜉(𝑒(𝛼/𝑀𝑤))2 (75) 

 

where 𝛼 will be an adjustable parameter and 𝑀𝑤 is the averaged molecular weight of water and xanthan 

(see Table 1) respectively. The results of using this constant in model equation (32), hold the following 

results: 

 

Figure 38 - Variation of the measured (dots) and modeled (dotted line) over-all heat transfer coefficient with 
different stirring rates. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 

kg/h; 𝑁: 500 rpm; Aeration rate (𝐹𝑔): 0 vvm. Estimated UA values obtained by fitting to a selection of experiments 

with varying stirring rate and all experimental points with cooling flow.  
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From comparison of Figure 38 with Figure 37 it is possible to understand that inclusion of the suggested 

approximation results in a better model fit to the experiments performed with water (orange line), while 

the fit to other experimental points remains unchanged or is improved. This proves qualitatively that the 

inclusion of a shear dependence on the constant to adjust the specific energy dissipation rate is 

important to have a better model fit. This is especially relevant when two liquids with very different 

rheological behaviors, hence promotion of different shear conditions in the vessel, are to be fitted with 

the same equation model coefficients. 

 

 

4.2.3. Influence of the aeration rate on the heat transfer 

 

In order to attain the influence of different aeration rates in the heat transfer conditions of the vessel this 

parameter was changed between the ranges of 0.25 and 2 vvm. The experimental points which the 

global heat transfer model was not able to estimate accurately referred in the previous section were not 

considered for fitting the model in the next section. The obtained results are presented below with a 

magnified scale as compared to the previous graphics to facilitate interpretation: 

 

Figure 39 – Variation of the measured (dots) and modeled (dotted line) over-all heat transfer coefficient with 
increasing aeration rate. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 

1500 kg/h; 𝑁: 500 rpm; Aeration rate (𝐹𝑔): 0 vvm. The estimated values were obtained by fitting to a selection of 

experiments with varying stirring rate, and all the experiments with cooling flow and aeration rate. Letters indicate 
different flow dynamic in the vessel. (a) indicates good bubble dispersion. (b) indicates start of flooding regime. (c) 
indicates flow dynamic similar to a bubble column. Orange arrows indicate direction of increasing aeration rate. 
Grey arrow indicates unchanged values of the estimated 𝑈𝐴 values. 
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Figure 39 indicates two different trends in the dependence of the UA value with increasing aeration rate. 

Up to xanthan solutions of 3 g/L, increasing aeration rate reduces the over-all heat transfer coefficient 

(a). At 5 g/L, the effect of increasing aeration rate is difficult to attain and no global trend seems to prevail 

(b). For 7.5 and 10 g/L, increasing aeration rates increase the measured 𝑈𝐴 value (c). 

  

The initial reduction of the heat transfer in the reactor with increasing aeration rates (Figure 39 (a)) 

indicates that the flow hydrodynamic is being hindered by the increasing aeration rate as bigger gas 

cavities of low pressure are forming near the impeller blades (section 2.3.3). As long as an increase in 

aeration rate hinders the flow velocity promoted by the rotating impeller, heat transfer in the vessel is 

reduced. This flow dynamic is typical of low viscosity solutions without marked signs of viscoelasticity 

and the flow patterns in the vessel may resemble those presented in Figure 19. This is in accordance 

with the offline viscosity measurements on the xanthan solutions which indicated that the viscoelasticity 

manifestations started at 5 g/L (section 4.1).  

 

At 5 g/L concentration (Figure 39 (b)), the heat transfer seems to be almost independent of the aeration 

rate, with exception for the experiment with 0.25 vvm. This can be a result of the impeller state. When 

the impeller is flooded the power drawn attains a constant low value and is then independent of the 

aeration rate. At this point, the heat transfer in the vessel also remains approximately unchanged with 

gas flow.  

 

The increase of the measured UA value with increasing aeration rates for xanthan concentrations of 7.5 

and 10 g/L (Figure 39 (c)) seem to indicate that circulatory patterns of bubbles are formed in vessel and 

promote mixing of the bulk liquid, hence the heat transfer. This is typical of solutions showing viscoelastic 

properties. Due to the increased stability of the large gas cavities in the impeller blades, the impeller is 

flooded even with low aeration rates. For high aeration rates the flow in the vessel can behave partially 

as a bubble column where circulation patterns promoted by large and small bubbles are more relevant. 

For a xanthan concentration of 10 g/L and 2 vvm, where markedly viscoelastic properties were noted in 

the offline viscosity measurements, the over-all heat transfer coefficient is even higher than the case of 

a non-aerated vessel. (section 2.3.3) 

 

On the other hand, with 0.25 vvm and 10 g/L, the aeration rate seems to be too small to promote 

circulating patterns of the small bubbles within the liquid. Hence, these will probably have an insolation 

effect and only the liquid mixing patterns promoted by the impeller rotation are relevant, which, because 

it is flooded, are reduced. In addition, it cannot be excluded the possible formation of zones with stagnant 

liquid, which reduce further the heat transfer in the vessel.  

 

In the end, for increasing viscosity and complex rheological effects such as viscoelasticity and/or yield 

stress that may lead to the formation of stagnant liquid zones, the flow patterns are not so well defined 

and can result in conflicting effects on the heat transfer rate in the vessel. (section 2.3.3) 
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The definition of a cavern size in aerated stirred tanks with multiple impellers is very complex. As referred 

in the previous section, information on the power drawn by each impeller is needed in order to estimate 

the cavern size. For a non-aerated system defining the distribution of the power drawn by each impeller 

is already difficult, as it is dependent on the reactor type and geometry used (2.3.1). For the aerated 

case, more difficulties arise as there is clear difference in the flow behavior developed by the lowest 

impeller, close to the sparger, and the top ones (2.3.3). The differences in the behavior will be, in its 

turn, also dependent on the flow air rate and rheology of the liquid, which are complex by themselves. 

Taking into account all these uncertainties a cavern diameter is not calculated, as its value would barely 

have a physical meaning. 

 

It is important to note that as the small entrapped bubbles can take from minutes to hours to leave the 

liquid vessel (Khare and Niranjan 1995) and the experiments carried out with different aeration rates did 

not use a fresh new xanthan solution, the 𝑈𝐴 measured values will be affected not only by the 

accumulation of bubbles that originates from a current experiment but also on the accumulation that 

resulted from previous aerated experiments. The results may then depend on the contiguous 

experiments carried out and its order as the starting point conditions were not the same for all 

experiments.  

  

Model fitting 

 

It is difficult to understand from Figure 39 if the used heat transfer model is able to estimate accurately 

the 𝑈𝐴 value. Still, It is important to understand analytically how the estimation of the shear rates in the 

reactor through the Henzler model (equation (73)) (which defines the offline apparent viscosity used to 

fit the global heat transfer model) and the estimation of the heat transfer coefficient through Kurpiers 

model (equation (69)) account for both the mixing conditions induced by the impeller set and by the 

circulating bubbles.  

 

Kurpiers model accounts for the influence of the rotating impeller in the hydrodynamics and heat transfer 

mainly through the average power consumption (𝑃) and accounts for the influence of the circulating 

bubbles through the dimensionless group 𝐺𝑎𝑅𝑒𝐺, as explained in section 2.4.1. On the other hand, 

Henzler equation model does not accounts directly for any term related with the mixing effects induced 

by the recirculation of bubbles. Although 𝑃 is also affected by the circulating bubbles, its value will be 

mainly independent of the recirculation patterns of bubbles when the impellers are markedly flooded, 

which occurs with almost any aeration rate for highly viscous xanthan solutions (starting at 5 g/L 

especially). The shear rate adjustment parameter 𝐿2 (equation (35)) also does not seem to take into 

account explicitly the change in the flow dynamic introduced by the circulating bubbles. In addition, the 

value of the power consumption (𝑃) used in both equations is an average over the three impellers, 

which, as mentioned before, can behave and flood differently from each other. If the liquid viscosity is 

high, the uniformities in their respective behavior will be more accentuated. So it is expected that starting 

at 5 g/L, when the circulation bubble patterns assumes a more important role on the heat transfer the 
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model will not estimate so accurately UA. This is patent in zone (c) of Figure 39, where the dashed lines 

are mainly constant for increasing xanthan concentrations ((Figure 39 (c), grey arrow). 

 

Albeit these limitations, it seems that the verified increase of the 𝑈𝐴 value resulting from the circulation 

of bubbles within the liquid for 7.5 and 10 g/L is at least accounted. This may be due to the fact that the 

sample viscosities measurements were carried out without removing any present bubbles, which 

resulted in a reduced viscosity (section 4.1). As the obtained value was used in Henzler equation model 

(equation (73)), the estimated shear rate in the vessel was increased in this way, accounting at least 

partially for the mixing effect produced by the bubbles.  

 

Further, it was also shown that the dimensionless group 𝐺𝑎𝑅𝑒𝐺 did not significantly changed the 

accuracy of the results. Whether this is due to the experimental method employed to measure the 

sample viscosities just mentioned, which already take into account the bubbles mixing effect, or simply 

to model unsuitability, is unknown.  

 

Different expressions for the calculation of the specific energy dissipation rate were used in an attempt 

to better estimate the shear rate in the vessel, especially when the used Henzler model equation did not 

provide an accurate fit to the experimental data. Calculations using the average energy dissipation rate 

(𝑃/𝑉) according to equation (29) only for the points where Henzler model equation did not provide a 

good model fit were carried out but no significant improvements were verified (results not shown). 

Calculations with only the average energy dissipation rate were used too, but again no significant 

improvements were obtained (results not shown). This is expected as the definition of the exact 

adjustment parameter for the specific energy dissipation rate in an aerated stirred vessel is more difficult 

than the non-aerated case, given the higher complexity of the former. For this same reason, 

determination of the 𝑈𝐴 value using an estimated power consumption, instead of the measured one, is 

very difficult, if not impossible, for such a wide range of experimental conditions as the ones used in the 

present work. As referred in section 2.3.3, some elaborate models try to account for the different 

parameters affecting the power consumption over different flow conditions, but, as expected, they are 

strongly dependent on the rheological behavior of the liquid and such a dependence is not in generally 

accurately accounted or is dependent in experimental evidence that is not readily available (Nienow 

1998).   

 

As conclusion, for the case of higher xanthan concentration (starting at 5 g/L and especially for 10 g/L), 

it is expected that the global heat transfer model fails in deriving accurate predictions of the over-all heat 

transfer coefficient (Figure 39 (c)(b)). For low xanthan concentrations, where the flow patterns induced 

by aeration are more uniform and similar to the ones created in the non-aerated case, the utilization of 

the global heat transfer model seems to be adequate (Figure 39 (a)). 

 

4.2.4. Overpressure  
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The interest of operating a bioreactor with increased head space pressure is well known. It allows for 

the increase in the oxygen transfer rate (𝑂𝑇𝑅), which is directly dependent on the value of the mass 

transfer coefficient (𝑘𝐿𝑎), resulting in the enhancement of aerobic cultivation processes. (Knoll et al. 

2007). It is then of interest to ascertain if the proposed heat transfer model is able to predict accurately 

the 𝑈𝐴 value for different headspace overpressures. 

 

In addition, heat and mass transfer are connected as they are both means of dissipating energy 

throughout the vessel. Thus, both processes are modelled by similar mathematical equations and is 

possible to state, for turbulent conditions, that if the energy dissipation rate increases, both the vessel 

heat transfer coefficient and the mass transfer coefficient will rise (Kawase 1990b). Then, by knowing 

the effect of the increased headspace pressure in the vessel heat transfer, some insight can be obtained 

regarding its effects on the mass transfer conditions. This dependence is not discussed in the present 

work though. 

 

In the present work, the effect of increasing the headspace pressure to 4 bar (3 bar overpressure) using 

a volumetric air flow rate of �̇�𝑎𝑖𝑟
𝑃𝑎𝑡𝑚 = 80 𝐿/𝑚𝑖𝑛 (equivalent to 2 vvm at ambient pressure) was studied. 

As long as the amount of gas (moles) and temperature in the vessel is kept constant (Perry 1997), the 

actual volumetric air flow rate in the vessel is given by the following equation: 

 

 
�̇�𝑎𝑖𝑟
𝑃𝑟𝑒𝑎𝑐𝑡𝑜𝑟 =

𝑃𝑎𝑡𝑚
𝑃𝑟𝑒𝑎𝑐𝑡𝑜𝑟

× �̇�𝑎𝑖𝑟
𝑃𝑎𝑡𝑚 = 20 𝐿/𝑚𝑖𝑛 (76) 

 

where 𝑃𝑟𝑒𝑎𝑐𝑡𝑜𝑟 is the absolute pressure in the reactor headspace and 𝑃𝑎𝑡𝑚 is the atmospheric pressure.  

 

As different aeration rates influence the over-all heat transfer coefficient differently, as shown in the 

previous section, it is expected that the change in the verified aeration rate promoted by the increase in 

the headspace pressure (from 2 to 0.5 vvm) will change 𝑈𝐴 accordingly. The results are presented 

below with a magnified scale as compared to the previous graphics to facilitate interpretation.  
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Figure 40 - Variation of the measured (dots) and modeled (dotted line) over-all heat transfer 
coefficient with increasing headspace overpressure. Reactor operating conditions (if not stated 

otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 kg/h; 𝑁: 500 rpm; (𝐹𝑔): 0 vvm. The estimated values were obtained 

by fitting to a selection of experiments with varying stirring rate and all the experiments with aeration 
rate and cooling flow.  

 

The results seem to be indicate two different flow dynamics. For xanthan concentrations up to 5 g/L, the 

measured 𝑈𝐴 value is very close to the experiments carried out with 0.5 vvm at ambient pressure, as 

expected according to equation (75). From 5 to 10 g/L the 𝑈𝐴 value is almost constant and at 7.5 and 

10 g/L the measured values are in between the measured values with 2 and 0.5 vvm at ambient 

pressure. The deviation of the measured 𝑈𝐴 value from the experiments performed with 0.5 vvm, for 

high xanthan viscosities may result from the accumulation of bubbles within the liquid. As stated before, 

equation (76) is only valid if the amount of gas is the same for the system in ambient pressure and with 

increased pressure. For the xanthan concentration of 7.5 and especially 10 g/L, this is not verified as 

the bubbles may accumulate within the liquid either from the carried experiment or from previous 

experiments due to the increased viscoelastic and viscoplastic properties (section 2.3.3). If this holds 

true, it is possible to suggest that with the increased presence of small bubbles, circulation patterns are 

enhanced, explaining the improvement of the over-all heat transfer coefficient. 

 

Model fitting 

 

Starting at 5 g/L the heat transfer model used does not seem to provide an accurate estimation of the 

𝑈𝐴 value. Still, the verified trend at 7.5 and 10 g/L that may result from the accumulation of bubbles 

𝑁𝑢𝑗 = 0.003 (1 + 3.5
2𝛿

𝐷
)𝑅𝑒1.01𝑃𝑟0.33 

𝑁𝑢𝑣 = 8.94 {244(
𝐷

𝐷𝑖
)(
𝐷3

𝑉
)𝑃𝑜𝑅𝑒

3}

0.11

𝑃𝑟0.07 
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within the liquid seems to be at least accounted. Both the Kupiers model sensibility to account for the 

increased turbulent hydrodynamics due to the accumulation of bubbles and the use of an offline viscosity 

measurement without removing any bubbles are possible explanations for the obtained results and were 

explained in the previous section. 

   

4.2.5. Mass flow of cooling water circuit influence on heat transfer 

 

In order to attain the influence of different stirring rates in the heat transfer conditions of the reactor this 

parameter was changed between the ranges of 500 to 1500 kg/h. Variation of the cooling water circuit 

is not directly related with the physical properties of the vessel interior liquid but it is related with the 

over-all heat transfer through the heat transfer coefficient (ℎ𝑗). Hence, the major objective with the 

variation of this reactor variable in the present work is to ensure a better model fit to the specific 

experimental conditions of the used reactor system. The results obtained are shown in the next figure:

 

Figure 41 – Variation of the measured (dots) and modeled (dotted line) over-all heat transfer 
coefficient with increasing cooling water flow. Reactor operating conditions (if not stated otherwise 

in the graph): 𝑇𝑟: 30oC; �̇�: 1500 kg/h; 𝑁: 500 rpm; Aeration rate (𝐹𝑔): 0 vvm. The estimated values were 

obtained by fitting to a selection of experiments with varying stirring rate, cooling flow and aeration rate. 

 

Figure 41 indicates that the over-all heat transfer coefficient decreases for decreasing cooling water 

flow. This was expected since the flow velocity and regime of the cooling liquid affects the heat being 

transferred. The more turbulent the flow, the better the heat transfer, as the heat transfer promoted by 

the liquid motion is enhanced. In a closed circuit like pipes or jackets, the liquid is laminar for a Reynolds 

𝑁𝑢𝑗 = 0.001 (1 + 3.5
2𝛿

𝐷
)𝑅𝑒1.14𝑃𝑟0.33 

𝑁𝑢𝑣 = 12.4 {340(
𝐷

𝐷𝑖
)(
𝐷3

𝑉
)𝑃𝑜𝑅𝑒

3}

0.09

𝑃𝑟0.06 
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number below 2300 (2.3.2). Laminar flow occurs with a cooling flow of 500 kg/h with all the xanthan 

concentrations (results not shown), hence the progressively reduced heat transfer in the reactor for 

decreasing cooling water flow. 

 

The estimated 𝑈𝐴 values agree with the trend of the measured values. The alteration of the viscosity in 

the vessel affects directly the heat transfer coefficient in the jacket side (ℎ𝑣) and so Baker heat transfer 

model (equation (70)) is fundamental for a good global model fitting. The velocity of the cooling water 

directly affects the characteristic velocity of the Reynolds number. As it decreases, the jacket Nusselt 

number is also reduced. 

 

 

4.2.6. Heat transfer model coefficients & model simplifications 

 

In the previous sections were presented and discussed which experimental points the global heat 

transfer model was able to fit accurately. The obtained model coefficients for the Nusselt number in the 

vessel side (Kurpiers model - equation (69)), and the Nusselt number in the jacket side, (Baker equation 

model - equation (70)) for the final set of chosen experiments is presented next.  

 

Vessel Nusselt number 

 

For the determination of the Nusselt number on the vessel side, the fitted model coefficients of equation 

(69) (repeated below) are the following: 

 

  

𝑁𝑢𝑣 = 𝐾1 {𝜉 (
𝐷

𝐷𝑖
) (
𝐷3

𝑉
)

𝑃

𝜌𝑁3𝐷𝑖
5 (
𝑁𝐷𝑖

2𝜌

𝜂
)

3

+ 𝐺𝑎𝑅𝑒𝐺}

𝑎

𝑃𝑟𝑏  𝑉𝑖𝑠𝑐𝑐 (69) 

 

Table 3 – Model coefficients for the vessel Nusselt number model equation 

Parameter 𝝃 𝑲𝟏 𝒂 𝒃 𝒄 𝟑𝒂 − 𝒃 

Original 11.58 0.1 0.236 0.362 0.23 0.346 
Obtained 340 12.4 0.095 0.057 - 0.227 

 

In general, the difference in the obtained model coefficients and the original ones must be attributed to 

the differences in reactor geometry, rheological behaviour of the liquid used and also on the experiments 

that were carried out. 

 

The first model simplification employed was the exclusion of the Viscosity number. The value of the 

Viscosity number (𝑉𝑖𝑠𝑐) accounts for differences between the viscosity of the liquid at the temperature 

of the bulk flow and the viscosity of the liquid at the temperature adjacent to the wall (section 2.4.1). The 

liquid temperature near the wall may be slightly different from the average bulk due to the existence of 

a thermal boundary layer, especially when the liquid flow in not fully turbulent (see section 2.4.1). The 
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temperature value, however, is never below (or above) the jacket temperature. Then, if the differences 

in the viscosities measured at the vessel bulk temperature and the average jacket temperature are not 

significant, this approximation should be valid. In order to evaluate the assumption that viscosity at the 

vessel bulk liquid temperature is approximately equal to the one at the vessel side wall temperature, the 

viscosities of some samples were measured at 25 0C, which is close to the lowest registered temperature 

in the jacket. The differences in the measured viscosities at 30 and 25 oC were practically identical so 

the assumption made is valid. 

 

Concerning 𝜉, it was expected to increase. However, the obtained value seems to be too high, probably 

indicating very different experimental conditions used for the derivation of both coefficients. This 

constant gives an indication of the energy dissipation rate density in the zone of the vessel wall where 

heat is transferred to the cooling liquid circulating in the jacket. The original model equation was derived 

for application on a vessel with one stirrer stage with its discharge stream of the impeller not directly 

orientated to the heat surface transfer area close to the jacket and its value was 0.2. For a system with 

two stirrer stages, this value was increased to 11.58, and in the present case three stirrer stages are 

used which should further increase this value. The increased number of impeller in the present case 

promotes a more uniform and intense distribution of the energy dissipation rate in the vessel interior 

including to zones of active heat transfer with the jacket. Furthermore, it was shown in section 4.2.2 that 

the addition of a dependence on the shear conditions provided by the rheological behavior of the mixed 

liquid could be used to increase the range of experimental conditions for which the model gives accurate 

results, at least for significantly different liquids such as water and xanthan. 

 

From the results obtained, another model simplification can be assumed. As mentioned in section 

(4.2.3), the exclusion of the group 𝐺𝑎𝑅𝑒𝐺 from Kupiers model equation did not altered the model fit to 

the measured 𝑈𝐴 values and so it seems reasonable to discard this parameter. The reason for this is 

unknown but may be related with the fact that the offline viscosities used to fit the global model were 

measured with bubbles, resulting in reducing relevance of the group 𝐺𝑎𝑅𝑒𝐺. 

 

The Prandtl number coefficient obtained is considerably low. The reason for this may be explained by 

the fact that only one parameter of this number was changed throughout the course of the experiments, 

namely the viscosity. As the other parameters were not changed, the fit of this number is not so accurate. 

Nevertheless, as mainly the experiments considered for the global model fit were in turbulent conditions, 

the thermal boundary layer may be small, which reduced the amount of heat transferred through 

diffusion (section 2.4.1). As the Prandtl number accounts this contribution, its relevance should be small.  

 

It is also important to note that the difference between the impeller Reynolds number exponent and the 

Prandtl number given explicitly by the difference: 3𝑎 − 𝑏, present in Table 3. The obtained value is 

different from the original one, but its value is not very distant from the well acknowledge number of 1/3, 

refereed in many publications, especially considering the common equation used to calculate the vessel 
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Nusselt number (eq. (51)). As an approximation, the presented difference allows to suggest the following 

correlation between 𝑈𝐴 and the apparent viscosity in the vessel: ∝ 𝜂−0.227 . 

 

Jacket Nusselt number 

 

For the determination of the Nusselt number on the jacket side, the fitted model coefficients of equation 

(70) (repeated below) are the following: 

 

 
𝑁𝑢𝑣 = 𝐶3 (1 + 3.5

2𝛿

𝐷
)𝑅𝑒𝑑𝑃𝑟𝑒    (70) 

 

Table 4 - Model coefficients for the jacket Nusselt number model equation 

Parameter 𝑪𝟑 𝒅 𝒆 

Original 0.019 0.794 0.333 
Obtained 0.0013 1.15 0.333 

 

The value of the parameter 𝑒 was not fitted to the experimental results, as it was not been varied 

significantly. Both parameters 𝐶3 and 𝑑 are different from the original ones which indicates great 

differences between the present experimental setup and the one used to derive equation (70). 

 

4.3. Precision & accuracy 

 

In the previous section was determined which measured 𝑈𝐴 values the proposed global heat transfer 

method was able to fit. Now it should be addressed how good this fit is in statistical terms.  

 

For validating a measuring method, some aspects of the measurement quality have to be considered, 

such as precision (scatter of the measured value in regard to the mean value) and accuracy (deviation 

of the measurement from the true value). The aim of the present work is to develop a method to measure 

the over-all apparent viscosity online inside a bioreactor through a global heat transfer method (equation 

(45)) which uses measured 𝑈𝐴 values as experimental input. These measurements have an uncertainty 

associated that affect the precision and accuracy of the proposed method and so they are discussed 

below.  

 

Two common measures that can be used to describe the uncertainty in this estimation are the deviation 

of the measurement from the true value and a confidence level, which indicates the probability that the 

true value lies within the interval of the deviation. Because the deviations of the measurements from the 

true value due to random errors follow, in general, a Gaussian distribution, the accuracy of the calculated 

mean value �̅� of multiple measurements of the sample 𝑥𝑖 increases with the number of measurements. 

For this reason, repeated measurements of the 𝑈𝐴 value were carried out in the present work, as 

mentioned in section 3.3. The repetitive measurements of some experiments are presented in the next 

figure:   
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Figure 42 – UA measurements for xanthan solutions (concentrations given in the legend) at different reactor 
operating conditions. Reactor operating conditions (if not stated otherwise in the graph): 𝑇𝑟: 30oC; �̇�: 1500 

kg/h; 𝑁: 500 rpm; Aeration rate (𝐹𝑔): 0 vvm 

 

To describe both the scatter of the measured values and the confidence level, the standard deviation 

can be used (𝜎). Multiples of 𝜎 increase the confidence level, considering a Gaussian distribution: 2𝜎 

gives a confidence level of 95% that the true value lies within the interval of the deviation (standard in 

this work if not stated otherwise). The standard deviation can be determined with the following equation: 

 

 

𝜎 = √
∑ (𝑥𝑖 − �̅�)

2𝑛
𝑖

𝑛 − 1
 (77) 

 

where 𝑛 is the number of measurements. 

 

The average values of the standard deviation (relative to the obtained averaged 𝑈𝐴 value for each 

experiment) are presented in the next table for each xanthan concentration: 

 

Table 5 – Average standard deviation over all the measurements for each xanthan concentration used.  

Xanthan 
concentration 

1 g/L 2 g/L 3 g/L 5 g/L 7.5 g/L 10 g/L 

Standard 
deviation 

2.0 % 1.9 % 1.8 % 3.0 % 2.3 % 5.3 % 

 

Similar standard deviations were observed for most of the samples so the measured 𝑈𝐴 values (941 

measurements in total, average of 10 measurements per experiment) have a high level of precision and 

accuracy. The fact that the error bars in most of the representations used in the previous section were 

almost insignificant in all of them attests this statement. 
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Parity plot 

 

Now that the accuracy of the 𝑈𝐴 measurements has been accessed, it is now of interest to know how 

well the obtained over-all apparent online viscosity through the proposed global heat transfer method 

correlates to the experimental value. The over-all apparent online viscosity is determined through 

equation (71) (section 3.4). 

 

The parity plot is a graphic representation of experimental data plotted against its calculated value from 

the fitted equation designed to represent the system (Wojciechowski 2003). A perfect fit between 

experimental values (𝑥𝑖) and values calculated using a fitted expression (𝑦𝑖) will result in a 45o straight 

line in the positive-positive quadrant of the plot. This is the line of parity. Since the parity plot is inherently 

linear, the coefficient of variance (r2) of a linear regression can be used to quantify the percentage of 

variation in the estimated value associated with the variation in the experimental value. r2 takes any 

value between 0 and 1. The closer it is to 1 the stronger a positive linear correlation. The slope of the 

linear regression line indicates how close the correlation is from the parity line accessing the proximity 

of the calculated values to the experimental ones. r2 is given by the following equation: 

 

 
𝑟2 = (

∑ (𝑥𝑖 − �̅�)(𝑦𝑖 − �̅�)
𝑛
𝑖

√∑ (𝑥𝑖 − �̅�)
2𝑛

𝑖 ∙ ∑ (𝑦𝑖 − �̅�)
2𝑛

𝑖

)

2

 (78) 

 

The obtained parity plot comparing the online determined values of the apparent viscosity with the 

experimental ones is presented in Figure 43. The plotted values correspond only to the measurements 

that the global model was able to fit as presented and discussed in the previous sections. 

 

It is possible to understand that the used method successfully determined the over-all apparent viscosity 

as the coefficient of variance of the linear regression is close to unit (r2=0.95), indicating a strong positive 

linear correlation, and so is the slope (0.91), indicating that both the estimated viscosity and the 

experimental one agree with each other.  

 

Just to have an indication of how good the proposed modification of the Kurpiers model constant 𝜉 is 

(section 4.2.3), the statistical parameters obtained from a parity plot by using the same exact points 

considered to build the above diagram, holds: r2=0.9704; 𝜂𝑎𝑝𝑝(𝑜𝑛𝑙𝑖𝑛𝑒) = 1.0119 ∙ 𝜂𝑎𝑝𝑝(𝑜𝑓𝑓𝑙𝑖𝑛𝑒). As can 

be perceived, the suggested approximation, based on theoretical concepts seems to result in better 

results.  
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Figure 43 – Parity plot for the experimental points where the used global heat transfer model proved to be 
adequate. See previous sections for information on which points were excluded from the fitting. 

  

4.4. Sensitivity & robustness 

  

In the previous section the results attested that, in general, the model is precise and accurate. But for 

validating a measuring method it is necessary to know what the operational limits that ensure those 

conditions are and also if they hold through changed experimental conditions (robustness). Once again, 

attention is given to measurement of 𝑈𝐴. 

 

Although the average standard deviations for the UA measurements present in Table 5 are small, two 

general trends were verified: an increase in the standard deviation with increasing xanthan concentration 

(as can be ascertain from Table 5), hence viscosity, and with decreasing stirring rate.  

To have an idea of the minimum amount of electrical power input that shall be given to the calibration 

heater in order to still obtain an accurate measurement, a look at the limit conditions of high 

concentrations (10 g/L) and low stirring rates is of interest: 

 

Table 6 - Standard deviation and electrical power input given to the calibration heater for a 
xanthan concentration of 10 g/L. 

Stirrer speed 125 rpm 250 rpm 500 rpm 750 rpm 1000 rpm 

Calibration heater 
power input 

100 W 100 W 160 W 160 W 160 W 

Standard deviation 16.7 % 6.9 % 2.2 % 4.6 % 4.1 % 

𝜂𝑎𝑝𝑝(𝑜𝑛𝑙𝑖𝑛𝑒) = 0.9055 ∙ 𝜂𝑎𝑝𝑝(𝑜𝑓𝑓𝑙𝑖𝑛𝑒)  
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As can be attained, the standard deviation values with low stirring rates are higher than the averaged 

ones presented in Table 5. From the results, it does not seem reasonable to define a fixed minimum 

electrical power input that shall be given to the calibration heater in order to obtain precise 

measurements. Even at the same calibration heater power input, different precision is observable 

because of the rheology (viscosity) and operational conditions (such as the stirring rate). However, it 

was found that generally, the measurements performed with an electrical power input of 100 W or less 

gave standard deviations clearly higher than the averaged ones (Table 5) over the other experiments 

for the same xanthan concentration. For a xanthan concentration of 10 g/L and 125 rpm this value 

achieves a standard deviation of 16.7% (versus 8.14 % for the average standard deviation over all the 

experiments with 125 rpm), which is considerable and can be one of the reason for the apparent 

inconsistent results referred in section 4.2.2, regarding the estimation of this point.  

 

Apart from the mentioned effects, it was also tested if additional sources of heat inside the vessel could 

increase the uncertainty of the measurements. An experiment was carried out with an immersed silicon 

tube wrapped in the vessel interior as a coil with circulating hot steam. An increase on the over-all heat 

transfer coefficient of approximately 10 W, was registered, and the standard deviation increased from a 

2.0% to 5.5%. The experiment was performed one time over 7 measurements of the 𝑈𝐴 value. It is 

possible to state then that 𝑈𝐴 measurements carried out during a fermentation will probably have an 

increased uncertainty, in general, considering the amount of biological heat generated, which should 

affect the robustness of the proposed method. 
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5. Conclusions and outlook 

 

Accurate measurements of the over-all heat transfer coefficient 𝑈𝐴 are possible over a wide range of 

xanthan concentrations and bioreactor flow conditions. Interpreting the 𝑈𝐴 measured variations 

provided valuable insight into the hydrodynamics and heat transfer of stirred aerated and stirred non-

aerated tanks. As both hydrodynamics and heat transfer are dependent on the apparent viscosity, it was 

possible to correlate the 𝑈𝐴 measurements with the apparent viscosity inside the vessel. 

 

To correlate 𝑈𝐴 values with the apparent viscosity, a global heat transfer model based on thermo- and 

hydrodynamic equations was set up. Models to determine the Nusselt number for both the jacket and 

the vessel side were used. The equation for the Nusselt number in the vessel side was based on the 

concept of energy dissipation rate given the complexity of the vessel flow. Information on the power 

drawn by the impellers is required for determination of the Nusselt number in the vessel side. The global 

model was tested and fitted to the bioreactor in use through offline viscosity measurements. Different 

xanthan solutions were used as shear thinning model liquid. The Cross model (eq.(3)) was combined 

with a hydrodynamic model proposed by Henzler (eq. (73)) to determine the viscosity of offline samples 

from the model liquid in the reactor. The Cross model proved to be adequate to characterize the shear 

thinning behaviour and the existence of an apparent yield stress in xanthan solutions over a wide range 

of shear ranges. 

 

The mentioned set of equations used to formulate the global heat transfer model allowed to estimate 

the over-all apparent viscosity inside the bioreactor through online measurements of the over-all heat 

transfer coefficient (𝑈𝐴). It is possible to state that the obtained online viscosity determination is precise 

and accurate when the liquid flow is turbulent or transitional.  

 

Limitations of the global heat transfer method were found when the liquid flow did not remained 

homogeneous throughout all the vessel. For non-aerated stirred vessels the flow is not homogeneous 

when stagnant zones form in the reactor. In addition, for aerated stirred vessels, the flow is not 

homogeneous when the impeller is flooded. For non-aerated stirred vessels, if the power drawn by the 

impeller is calculated with the turbulent power number, the model is accurate only for turbulent flows. 

  

In the end it is possible to state that global heat transfer method provides breakthrough advantages over 

the existing measuring devices, which are not able to perform as accurate measurements of the over-

all apparent viscosity in turbulent flow - which is of main interest for the fermentation industry. Hence, 

the new developed method for online viscosity may be tested in the future with real fermentations such 

as the biological production of xanthan, alginate and polyglutamic acid. 
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7. Appendix 

 

Calculation of the jacket bulk liquid velocity 

 

 

A simplified version of the reactor jacket system is shown in Figure 44: 

 

 

Figure 44 - Simplified reactor jacket system of stirred tank bioreactor 50L, LP351. 

 

The flow in the jacket can be divided into two parts, a vertical and a bottom part. In the bottom part, the 

flow is mainly tangential and in the vertical one, the dominant flow is axial. The velocities in the two parts 

are mainly independent, as the flow coming from the bottom part is slowed down in the region where 

the probes are inserted into the vessel. Considering this, it is reasonable to model the average velocity 

with the following equation: 

 

 
𝑣�̅� =

𝑆𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 + 𝑆𝑎𝑥𝑖𝑎𝑙
𝑉𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 + 𝑉𝑎𝑥𝑖𝑎𝑙

�̇�

 (79) 

 

where 𝑆𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 and  𝑆𝑎𝑥𝑖𝑎𝑙 are the mean path length of the tangential and axial part of the jacket 

respectively. 𝑉𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 and 𝑉𝑎𝑥𝑖𝑎𝑙 are the liquid volume of the tangential and axial part of the jacket 

respectively. �̇� is the cooling water circuit flow. The given values are characteristic values of the used 

jacket and are registered in the list of constants. 

 

 


